
International Journal of Advances in Materials Science and Engineering (IJAMSE) Vol.14, No.1/2/3, July 2025 

DOI:10.14810/ijamse.2023.14401                                                                                                                   1 

 
DEVELOPMENT OF A STATISTICAL 

THERMODYNAMIC MODEL FOR CALCULATION OF 

SELF-DIFFUSION PARAMETERS IN METALS 
 

Serhii Bobyr 1, Joakim Odqvist 2 

 
1 Uppsala University, Ångström Laboratory, Lägerhyddsvägen 1, Box 538, SE 751 21, 

Uppsala, Sweden, 
2 KTH Royal Institute of Technology, Department of Materials Science and Engineering, 

Brinellvägen 23, SE-100 44, Stockholm, Sweden, 
 

ABSTRACT 
 
The theory of diffusion in metals is based on the fundamental concepts of physical kinetics and is very 

important branch in Material Science. Vacancy migration is the dominant mechanism of self-diffusion, in 
most elemental crystals, and is of fundamental importance in processes like solid phase transformations, 

nucleation and defect migration. 

 

The purpose of this project is to develop a statistical thermodynamic model for the self-diffusion in metals 

and to apply it for calculating the diffusion coefficients of atoms in metals and alloys. The direct relation-

ship between the diffusion flux of vacancies and the gradient of their chemical potential in this model has 

been established. For a solid solution of vacancies in a metal, an expression for the self-diffusion coeffi-

cient has been found. To calculate the activation energy of self-diffusion in metals and simple alloys, the 

statistical calculation model (SCM) has been developed. The SCM-calculations are compared with the 

known experimental data on the diffusion in iron and other metals with a good agreement between the re-

sults. Based on the processing of experimental results on diffusion in metals using SCM, thermodynamic 

parameters of self-diffusion in α- and γ-Fe, Ti, V, Mo, W, Ag, Cu and other metals were established. For 
calculation self-diffusion in metals and simple alloys the SCM-model was implemented. 
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1. INTRODUCTION 
 

The theory of diffusion in metals is based on the fundamental concepts of physical kinetics, statis-

tical and non-equilibrium thermodynamics, and is closely related to the study of defects in 
crystals [1–3]. Description of the vacancy mechanism of self-diffusion in metals has a significant 

meaning for this theory [3–12]. 

 
Vacancy migration is the dominant mechanism behind atomic transport, e.g., self-diffusion, in 

most metals and alloys, and is of a fundamental mechanism of solid phase transformations, 

nucleation and defect migration [5–14]. Vacancies also play an important role for surface 

morphology, as shown in [14]. In the atomistic theory of diffusion in metals, vacancies, created at 
the surface or at defects, exist at a certain concentration in all materials [7–12]. 

 

The equilibrium concentration C0
V of vacancies is determined by the formation energy Ef,  
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where T is the temperature and k is Boltzmann’s constant. The self diffusion coefficient is given 

by a similar expression  
 

-(E +E )/kT0e  f m

V VD D ,       (2) 

 

where Em is the migration energy (or diffusion barrier). The entropy of formation, as well as that 

of migration, also enters these expressions but the most important term, in particular at low 
temperature, is the energy. 

 

The atomic theory of diffusion an expression for the pre-exponential factor of self-diffusion has 
been established that dependence from the square of the distance between two atomic positions 

[4–7]. Einstein's well-known diffusion equation consists of the same ratios [7].  

 
However, the main driving force in the theory of diffusion are the gradients of chemical potentials 

μi of the components of the system [7]. This should be considered when finding equations for the 

self-diffusion coefficients in metals. 

 
In statistical thermodynamics, equations describing diffusion of carbon in metals have been 

known [15, 16]. Similarly, it is of undoubted scientific and methodological interest to also derive 

the corresponding diffusion equations for the self-diffusion of atoms in metals. 
 

To quantify the effect of elemental and vacancy diffusion on phase transformation, multi-scale 

modeling is required [17]. The numerical tools that are applied include thermodynamics and 
phase-field modeling [18 - 24], atomistic dynamics simulation [25, 26], Monte Carlo simulation 

[27, 28], quasicontinuum rate theory [29], calculations based on density functional theory [30 - 

32].  

 
It has been shown that the quantitative agreement between the local density approximation 

(LDA), the generalized gradient approximation (GGA) and experimental data for self-diffusion of 

Pt and Pd is a result of two unrelated effects.  The calculated vacancy formation energies are, for 
both the LDA and GGA, close to measured positron annihilation data [30, 31]. 

 

Using the calculated enthalpy and entropy of vacancy formation, the first-principles calculated 

equilibrium vacancy concentration versus experiment as a function of temperature were com-
pared. The agreement was excellent, particularly for the GGA calculations [31]. Inclusion of the 

entropic contribution to vacancy formation (which increases the vacancy concentration by a 

factor of 3) is crucial for obtaining this quantitative agreement with experiment [32]. 
 

These methods are often very complex and have their limits when applied for modeling steels and 

alloys [26, 33]. It has been established that the entropy of vacancy formation is not constant and 
the highly nonlinear temperature dependence in the Gibbs vacancy formation energy naturally 

explains the differences between positron annihilation spectroscopy and differential dilatometry 

data [33].  

 
It was established that a number of elements show a remarkable “curvature” and thus deviation 

from Arrhenius equation in their diffusion. Although such an anomaly is rare for non-bcc metals, 

it has been found to be especially strong in the group IV metals Ti, Zr, and Hf [34]. It was 
demonstrated that the nonlinear Arrhenius self-diffusion behavior in bcc metals e.g. Mo and β-Ti 
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can be largely attributed to the thermal expansion effect, using the framework of quasiharmonic 
transition state theory [34]. 

 

First principles calculations have been used to study the structure and self-diffusion energy in the 

case of face-centered cubic (FCC) metals in several papers [34-40]. 
 

Thus, first-principles calculations provide a good description of the geometry of interaction and 

activation energy of self-diffusion in metals and metallic systems. However, there is no systemat-
ic derivation of the self-diffusion coefficients in metals for which the statistical distribution is 

taken into account in a wide temperature range. The use of such calculations is important for un-

derstanding the possible mechanisms of self-diffusion in metals and clarification of diffusion ef-
fects. 

 

The purpose of this work is to develop a statistical thermodynamic model for calculating the pa-

rameters of self-diffusion of atoms in metals and to apply it for calculating the diffusion coeffi-
cients of atoms in metals and alloys. 

 

2. METHODS 
 

2.1. Theoretical Method 
 

 To describe the diffusion of atoms in the crystal lattice of a metal in work a statistical model of 
diffusion of impurity atoms in metals has been developed [41]. 

 

In this article, a statistical thermodynamic model will be used to substantiate the parameters of 
self-diffusion of vacancies in metals. For this, we apply the Boltzmann distribution to describe the 

energy of the vacancies. 

 

Atoms in the crystal lattice of a metal are held by different attractive forces. Consequently, the 
potential energy of moving vacancies, i.e. diffusing atoms, is greater than the potential energy of 

the atoms of the crystal lattice by the value U - the activation energy of vacancy diffusion. 

 
In a unit volume of metal, we can identify a single surface perpendicular to the x axis (Figure 1), 

and calculate the total flow of vacancies.  

 

The number of vacancies and equal number of diffusive atoms in each state is determined by the 
Boltzmann distribution [41, 42]: 

 

)/)exp((

1
 

kT
N

i

i
 



,      (3) 

 

T is the temperature, μ is the chemical potential of atoms, i is the energy of state i and k is 

Boltzmann's constant.  
 



International Journal of Advances in Materials Science and Engineering (IJAMSE) Vol.14, No.1/2/3, July 2025 

4 

 
 

Figure 1. Schematic illustration of diffusion of vacancies in a statistical thermodynamic model. Gray 
spheres symbolize metal atoms, an empty circle symbolizes a vacancy 

 

Performing calculations for the diffusion flux of vacancies, similar to the calculations of carbon 

diffusion [15, 16], taking into account Eq. (3), it was found that the total diffusion flux of vacan-
cies in the positive direction of the x-axis is given by: 

 

-W/kT

3

2
e  V

V

mkTd
J

h х

 
 


 ,     (4) 

 

where W = U- μV0;  

μV is the chemical potential of vacancies; 
d is the interplanar distance; 

h is the Planck constant; 

m is the atomic mass of the element. 
 

Eq. (4) is the statistical thermodynamics equation of vacancy diffusion in a metal. It explicitly 

shows that the diffusion flow of vacancies directly depends on the gradient of the chemical poten-
tial, as it should be in a consistent thermodynamic theory [7, 23, 24].  

 

Using equation (4) we can calculate ab initio the pre-exponential factor of vacancy diffusion in a 

crystal lattice of a metal [15,16].  
 

If we further consider the ideal solid solution of vacancies  in the bulk of a metal, then we can 

write the following expression for the chemical potential of vacancies [7]: 
 

μV = μ0
V +  kT lnCV,       (5) 

and  V V

V

CkT

x C х

 


 
.       (6) 

 

Substituting the expression (5) and (6) in (4), we find the diffusion flow of vacancies in a solid 
solution: 

0
2 2

kT
3

2
e  

VU

V e V
V

C m k T d C
J

Nh х





 

 


,     (7) 

 
where U is the activation energy of the diffusion of vacancies in a solid solution (or the activation 

energy of the diffusion of an atom close to vacancy). 

Using the expression (1) for the concentration of vacancies we finally get: 
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Then the expression for the vacancy diffusion coefficient in the metal (or self-diffusion) can be 

identified: 

 
0 2

2

0 3

2 V a
e e

C m k d
D N M T

h N




   

,      (9) 

where Ne is the atomic number of the element; N is the Avogadro number; 
ma is the atomic mass unit; ρ is the metal density; 

Me is the atomic mass of a metal (or an alloy with interstitial elements such as Fe–C).  

 

Expression (9) of the developed statistical thermodynamic model of self-diffusion significantly 
differs from the classical expressions [4-12]. The interplanar distance d in this expression is to 

the first degree, but it assumes the dependence of D0 on the atomic number and atomic mass of 

the metal and the square of the diffusion temperature. 
 

For practical calculations of self-diffusion the statistical calculation model (SCM) has been 

developed. The diffusion coefficient D can  be calculated by the expression, obtained by 

combining (8) and (9): 

 

 Di = Di
0exp (–

 
Qi /RT),       (10)

 

 
where  Qi = U+Ef - µ

0
V for every i-metal, 

 

Di
0 = Ai

0Т
2,         (11) 

 

Ai
0 is the coefficient, followed from Eq. (9) for every i-metal. 

 

 
 

2.2. Calculation of Activation Energy and Coefficient of Self-Diffusion in Metals  
 
In the literature many diffusion parameters are known, constructed from experimental data [32 - 

43] that can be used to construct the distribution of experimental values of coefficients and activa-

tion energies of self-diffusion in metals together with calculated values. 
 

The activation energies of self-diffusion in some metals, primarily in iron, were calculated from 

first principles using DFT calculations [21- 31] and included in the SCM-model database.  
However, reliable experimental or computational data are known only for a limited number of 

metals [7-13, 43, 44]. Therefore, to estimate the activation energy of self-diffusion in metals we 

propose to use physicochemical methods for establishing correlations. 

 
From works on diffusion in metals, the correlation between the activation energy of self-diffusion 

in metals and the heat and melting point of the metal is well known [7, 38, 44].  

 
Askill [45] briefly reviewed various correlations between activation energy for self-diffusion and 

the physical properties of materials, including melting point, heats of fusion and vaporization, 

elastic module, compressibility, and coefficients of linear expansion. Among these relations, the 
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correlation between the activation energy and the melting temperature may be the most widely 
used one. The original form of such a correlation reads  

 

Q  ATm,         (12) 

 

where A is a constant (38 for fcc and 32.5 for bcc) and Tm is the melting temperature in Kelvin.  
 

By taking the effects of the valence V, and crystal structure factor K0 into account, Sherby and 

Simnad [18] proposed another correlation as,  
 

Q  RTm (K0+ V),        (13) 

 

with R being the gas constant. In this correlation, K0 is 14 for bcc metals, 17 for fcc and hcp 

metals, and 21 for metals of diamond structure, while V is 1.5 for Group IVB (Ti, Zr, Hf), 3.0 for 
Group VB (V, Nb, Ta), 2.8 for Group VIB (Cr, Mo, W), 2.6 for Group VIIB (Mn, Re), and 2.5 

for other transition elements.  

 

Besides, another similar equation was derived by Le Claire [19]: 
 

Q  RTm (K+1.5V)       (14) 

 

with K = 13 for bcc metals, 15.5 for fcc and hcp metals, and 20 for diamond structure.  

 
Similarly, Cahoon [20] also proposed a correlation between activation energy of liquid metals and 

the melting temperature:  

 

Q   0.17 RTm (K0+16)       (15) 
 

where K0 is 1 for bcc, 2 for hcp and 3 for fcc. In addition to the above correlations between the 

activation energy and the melting temperature, some other correlations were also proposed in the 

literature.   
 

For instance, Gòrecki [21] found that there exists a simple correlation for the activation energy of 

self-diffusion and impurity diffusion coefficients in metals on passing through the melting point. 
The statistical analysis in paper [21] shows that the mean value of the ratio for the self diffusion 

coefficient in the solid phase to that for the liquid phase is 5 with a standard deviation of 0.31, and 

that for rare gases is 5.03 with a deviation of 0.36. 

 
Therefore, for metals for which the activation energy is still unknown, we propose to use the cor-

relation relationship between the activation energy of self-diffusion and the melting temperature 

of the i-element Ti
melt: 

 

Qi = K0KikTi
melt,        (16) 

 
k is the Boltzmann constant; 

K0 is the constant coefficient (~ 15.07 for self-diffusion), was selected from the correspondence of 

the activation energy calculated using formula (16) with reliable data from works [39, 43, 46] on 

the self-diffusion in iron; 
 

Ki is the coefficient, considering amendments for element i, made on the base of experimental da-

ta from work [39, 43, 46] on the self-diffusion in metals. This coefficient for known experimental 
data is close to 1.0 (0.7-1.3) and equal to 1.0 for unknown parameters of self-diffusion in metals. 
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The statistical calculation model (SCM) for self-diffusion in metals and alloys was implemented 
in the corresponding database, including 43 base metals and silicon. 

 

3. RESULTS 
 

3.1. A Comparison of Experimental and Calculated Data on the Values of the Diffu-

sion Parameters for Metals 

 

The self-diffusion coefficients for metals were calculated according to the formula (10) and given 

in Figure 2 along with experimental data. 
 

 
 

Figure 2. Calculated data on the values of the self-diffusion coefficient in metals, in comparison with the 

experimental data. Blue squares show calculated values of Di according to formula (10) with T = 1000 K, 

brown circles are experimental values. Violet sircle shows calculated value of D for W with T = 2000 K. 

 

Figure 2 shows that the calculated values of the self-diffusion coefficient for metals agree well 

with the experimental values that would be expected.  

 

3.2. A Comparison of Experimental and Calculated Data on the Values of Diffusion 

Coefficients for Some Selected Metals 

 

In this section, a comparison is made of the SCM-calculated data and the experimental data of the 

diffusion coefficients obtained earlier in the corresponding works and represented by the 

Arrhenius equation. The values of the self-diffusion parameters for these metals are presented in 

Table 1.  

 

The SCM model provides a smaller deviation from the pre-exponential values of the coefficients 

for metals than the experimental  values of Arrhenius equation. 
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Table 1. Calculated values for an activation energy (Ea) and a pre-exponential factor (D0) of self-diffusion 

in α-Fe,

 

γ-Fe, Ti and V together with experimental values 

 

Metals α-Fe  γ-Fe Ti V 

Calc. SCM at 1000 K, 

D
0 
10

-7

 (m
2

/s) 

10.9 14.3 14.3 12.3 

Calc. SCM, 
E

a
 (kJ) 

212,3 265,3 227,5 255,9 

Expt., 

D
0 
10

-7

 (m
2

/s) 

2750 

[47] 
1900 

[48] 

180 [49] 
490 [50] 

30 [51] 
3000 [52] 

360 [53] 
288 [53] 

Expt., 
E

a
 (kJ) 

254 [47] 
239 [48] 

273 [49] 
284 [50] 

188 [51] 
230 [52] 

308 [53] 
309 [54] 

 

The values of the self-diffusion coefficients in α- and γ-iron are shown in Fig. 3 and Fig. 4 

respectively. 

 

 
 

Figure 3. Comparison of calculated data on self-diffusion coefficient values in α-Fe, red circles show 

calculated values from the SCM, green triangles represent values from Arrhenius equation with D0 = 

2.75×10-3 m2/s and Ea = 254 kJ from [47], blue rhombs represent calculated values with D0 = 1.9×10-4 m2/s 

and Ea = 239 kJ from [48] respectively. 
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Figure 4. Comparison of calculated data on self-diffusion coefficient values in γ-Fe, red circles show 

calculated values from the SCM, green triangles represent values from Arrhenius equation with D0 = 

1.8×10-5 m2/s and Ea = 273 kJ from [49], blue rhombs represent calculated values with D0 = 4.9×10-5 m2/s 

and Ea = 284 kJ from [50] respectively. 

 

From Figures 3 and 4 we can see a good agreement between the values calculated using the 

Arrhenius equation and the SCM model. For γ-Fe, the values of all three equations, used for the 

analysis, were practically identical over a wide temperature range. The SCM model is quite 

efficient for estimating self-diffusion coefficients in iron. 

 

Similar calculations were performed for two metals with average melting temperature - Ti and V. 

Comparison of calculated data on diffusion coefficient values in Ti and V represents on the 

Figures 5 and 6 respectively. 

 

For Ti almost complete agreement with the experimental results and SCM-calculated is observed 

in the low-temperature region (Figure 5). For V very good agreement with the experimental 

results and SCM-calculated have a place in the high-temperature region (Figure 6). 
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Figure 5. Comparison of calculated data on self-diffusion coefficient values in Ti, red circles 

show calculated values from the SCM, green triangles represent values from Arrhenius equation 

with D0 = 3.0×10-6 m2/s and Ea = 188 kJ from [51], blue squares represent calculated values with 

D0 = 3.0×10-4 m2/s and Ea = 230 kJ from [52] respectively. 

 

 
 

Figure 6. Comparison of calculated data on self-diffusion coefficient values in V, red circles show 

calculated values from the SCM, green triangles represent values from Arrhenius equation with D0 = 

3.6×10-5 m2/s and Ea = 308 kJ from [53], blue squares represent calculated values with D0 =2.88×10-5 m2/s 

and Ea = 309 kJ from [54] respectively. 

 

Deviations from Arrhenius law are also observed in self-diffusion in V and Ti [51, 53], which is 

quite explainable using the proposed SCM. 

 

Similar calculations were performed for two refractory metals - Mo and W, and for two low-

melting metals, Ag and Cu. In this case, experimental data from two different sources were also 

taken into account. The values of the self-diffusion parameters for these metals are represented in 

Table 2.  
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Table 2. Calculated values for an activation energy (Ea) and a pre-exponential factor (D0) of self-diffusion 

in Mo, W, Ag and Cu together with experimental values 

 

Metals Mo W Ag Cu 

Calc. SCM, 

D
0 

10
-7

 (m
2

/s) 

107  
at 2000 K 

212 
at 2000 K 

12.3 
at 1000 K 

14.3 
at 1000 K 

Calc. SCM, 
E

a
 (kJ) 

423.5 606.4 178.1 183.1 

Expt. 

D
0 

10
-7

 (m
2

/s) 

380 [55] 
100 [56] 

10800 [57] 
40 [58] 

620 [59] 
43 [60] 

877 [61] 
2320 [62] 

Expt. 
E

a
 (kJ) 

422 [55] 
386 [56] 

610 [57] 
526 [58] 

189 [59] 
170 [60] 

211 [61]  
206 [62] 

 

For these metals, we observed a very good correlation between the calculated and experimental 

activation energy values. 

 

A comparison of the calculated data on the values of the self-diffusion coefficients in Mo and W 

is presented in Figures 7 and 8, respectively. 

 

From these figures it is clear that the SCM model fits well at least one experimentally obtained 

Arrhenius equation [55-58]. For Mo and W, almost complete agreement with the experimental 

results is observed in the high-temperature region (Figure 7, 8). 

 

 
 

Figure 7. Comparison of calculated data on self-diffusion coefficient values in Mo, red circles show 

calculated values from the SCM, green triangles represent values from Arrhenius equation with D0 = 

3.8×10-5 m2/s and Ea = 422 kJ from [55], blue rhombs represent calculated values with D0 = 1.0×10-5 m2/s 

and Ea = 386 kJ from [56] respectively. 
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Figure 8. Comparison of calculated data on diffusion coefficient values for W, red circles show calculated 

values from the SCM, green triangles represent values from Arrhenius equation with D0 = 1.08×10-3 m2/s 

and Ea = 610 kJ from [57], blue rhombs represent calculated values with D0 = 4.0×10-6 m2/s and Ea = 526 

kJ plus D0 = 4.6×10-4 m2/s and Ea = 666 kJ from [58] respectively. 

 

In the end, similar calculations were performed for two low-melting metals, Ag and Cu (Figures 9 

and 10 respectively). 

 

  

Figure 9. Comparison of calculated data on diffusion coefficient values for Ag, red circles show calculated 

values from the SCM, green triangles represent values from Arrhenius equation with D0 = 6.2×10-5 m2/s 

and Ea = 189 kJ from [59], blue rhombs represent calculated values with D0 = 4.3×10-6 m2/s and Ea = 170 

kJ from [60] respectively. 
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Figure 10. Comparison of calculated data on diffusion coefficient values for Cu, red circles show calculated 

values from the SCM, green triangles represent values from Arrhenius equation with D0 = 8.77×10-5 m2/s 

and Ea = 211 kJ from [61], blue rhombes represent calculated values with D0 = 2.32×10-4 m2/s and Ea = 

206 kJ from [62] respectively. 

 

For Ag, there was a very good agreement between the calculated SCM and the empirically 

validated Arrhenius equations over the entire temperature interval (Figure 9). 

 

For Cu SCM-calculated values of  self-diffusion coefficients were between two empirically 

substantiated Arrhenius equations (Figure 10).  

 

In this case, the accuracy of the values calculated by the SCM was also very satisfactory.   

 

To increase the accuracy of calculations in the SCM model, it is necessary to consider the values 

of the activation energy of diffusion, calculated from first principles, taking into account their 

dependence on temperature [26-35]. However, in this case, the SCM model ceases to be 

predictive for other metals. 

 

Undoubtedly, this model does not consider many specific factors affecting the diffusion 

parameters of atoms in metals, such as the interaction of impurities and vacancies, the presence of 

lattice defects and stresses, etc. This model cannot be used to calculate diffusion coefficients for 

alloying elements in alloys.  

 

Further development of this model will allow us to take into account the influence of these factors 

on self-diffusion in iron and metals and to calculate the diffusion coefficients for alloying 

elements in alloys. 

 

4. CONCLUSIONS 
 

1. Thus, a statistical thermodynamics model of the self-diffusion in the crystal lattice of metals 

in the article has been developed. The direct relationship between the diffusion flux of 
vacancies and the gradient of their chemical potential in the model has been established. 
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2. For a solid solution of vacancies in metals, an expression for the diffusion coefficient of 
self-diffusion from the basic principles of statistical thermodynamics has been found. Its 

magnitude depends on the physical constants, the atomic weight of the metal, the square of 

the temperature, and the concentration of vacancies in the solid solution.  

3. To calculate the activation energy of self-diffusion in metals and simple alloys, a SCM 
model was proposed that takes into account energy calculations from first principles, 

statistical processing of experimental data on self-diffusion of metals, and a 

physicochemical model using the correlation relationship between the activation energy of 
self-diffusion and the melting temperature of metals. 

4. Based on the processing of experimental results on diffusion in metals using SCM, 

thermodynamic parameters of self-diffusion in α- and γ-Fe, Ti, V, Mo, W, Ag, Cu and 
other metals were established.

 
The calculated values of the self-diffusion coefficient for 

metals agree well with the experimental values that would be expected. 

5. The calculations from SCM are compared with the known experimental data on the self-

diffusion in iron and metals with a good agreement between the results. This agreement for 
the given special cases of diffusion is higher than in classical atomic diffusion models. 

Deviations from the Arrhenius law are also observed during the self-diffusion in V and Ti, 

which can also be explained by the proposed SCM. 
 

The SCM for self-diffusion in metals and simple alloys was implemented in the corresponding 

database, including 43 base metals and silicon. 
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