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ABSTRACT 

 
In this paper, we apply the concept of an interval-valued intuitionistic fuzzy set to ideals and closed ideals 

in BG-algebras. The notion of an interval-valued intuitionistic fuzzy closed ideal of a BG-algebra is 

introduced, and some related properties are investigated. Also, the product of interval-valued 

inntuitionistic fuzzy BG-algebra is investgated.  
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1.  INTRODUCTION 
 
Algebraic structures play an important role in mathematics with wide range of applications in 

many disciplines such as theoretical physics, computer sciences, control engineering, information 

sciences, coding theory etc.. On the other hand, in handling information regarding various aspects 

of uncertainty, non-classical logic (a great extension and development of classical logic) is 

considered to be more powerful technique than the classical logic one. The non-classical logic, 

therefore, has now a days become a useful tool in computer science. Moreover, non-classical 

logic deals with the fuzzy information and uncertainty. In 1965, Zadeh [28] introduced the notion 

of a fuzzy subset of a set as a method for representing uncertainty in real physical world. 

Extending the concept of fuzzy sets (FSs), many scholars introduced various notions of higher-

order FSs. Among them, interval-valued fuzzy sets (IVFSs) provides with a flexible 

mathematical framework to cope with imperfect and imprecise information. Moreover, Attanssov 

[2,6] introduced the concept of intuitionistic fuzzy sets (IFSs) and the interval-valued 

intuitionistic fuzzy sets (IVIFSs), as a generalization of an ordinary FSs. 

 

In 1966, Imai and Iseki [13] introduced two classes of abstract algebra: BCK-algebras and BCI-

algebras. It is known that the class of BCK-algebra is a proper subclass of the class of BCI-

algebras. In [11, 12] Hu and Li introduced a wide class of abstract algebras: BCH-algebras. They 

have shown that the class of BCI-algebra is a proper subclass of the BCH-algebras. Neggers and 
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Kim [20] introduced a new notion, called a B-algebras which is related to several classes of 

algebras of interest such as BCH/BCI/BCK-algebras. Cho and Kim [8] discussed further relations 

between B-algebras and other topics especially quasigroups. Park and Kim [21] shown that every 

quadratic B-algebra on a field X with 3|| ≥X  is a BCI-algebra. Jun et al. [20] fuzzyfied (normal) 

B-algebras and gave a characterization of a fuzzy B-algebras. Kim and Kim [17] introduced the 

notion of BG-algebras, which is a generalization of B-algebras. Ahn and Lee [1] fuzzified BG-

algebras. Saeid [24] introduced fuzzy topological BG-algebras, interval- valued fuzzy BG-

algebras. In the same year Saeid [23] also discussed some results of interval-valued fuzzy BG-

algebra. Senapati et al. [26] presented the concept and basic properties of interval-valued 

intuitionistic fuzzy (IVIF) BG-subalgebras. 

In this paper, interval-valued intuitionistic fuzzy ideal (IVIF-ideal) of BG-subalgebras is defined. 

A lot of properties are investigated. The notion of equivalence relations on the family of all 

interval-valued intuitionistic fuzzy ideals of a BG-algebra is introduced and investigated some 

related properties. The product of (IVIF) BG-subalgebra has been introduced and some important 

properties of it are also studied. 

 

The rest of this paper is organized as follows. The following section briefly reviews some 

background on BG-algebra, BG-subalgebra, refinement of unit interval, (IVIF) BG-subalgebras. 

In Section 3, the concepts and operations of (IVIF-ideal) and interval-valued intuitionistic fuzzy 

closed ideal (IVIFC-ideal) are proposed and discuss their properties in detail. In Section 4, some 

properties of IVIF-ideals under homomorphisms are investigated. In Section 5, equivalence 

relations on IVIF-ideals is introduced. In section 6, product of IVIF BG-subalgebra and some of 

its properties are studied. Finally, in Section 7, conclusion and scope of for future research are 

given. 

 

2.  PRELIMINARIES 
 
In this section, some definitions are recalled which are used in the later sections. The BG-algebra 

is a very important branch of a modern algebra, which is defined by Kim and Kim [17]. This 

algebra is defined as follows.  

 

Definition 1  [17] (BG-algebra) A non-empty set X  with a constant 0  and a binary operation ∗  

is said to be BG-algebra if it satisfies the following axioms 

1. = 0

2. 0 =

3. ( ) (0 ) = , for all , .

x x

x x

x y y x x y X

∗

∗

∗ ∗ ∗ ∈

 

A BG-algebra is denoted by ,0),( ∗X . An example of BG-algebra is given below.  

Example 1 Let ,5}{0,1,2,3,4=X  be a set. The binary operation ∗  over X  is defined as 

 

* 0 1 2 3 4 5 

0 0 2 1 3 4 5 

1 1 0 2 5 3 4 

2 2 1 0 4 5 3 

3 3 4 5 0 1 2 

4 4 5 3 2 0 1 

5 5 3 4 1 2 0 

 

This table satisfies all the conditions of Definition 1. Hence, ,0),( ∗X  is a BG-algebra. 

A partial ordering ‘‘ ≤ ’’ on X can be defined by yx ≤  if and only if 0=yx ∗ . Now, we 
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introduce the concept of BG-subalgebra over a crisp set X  and the binary operation ∗  in the 

following.  

Definition 2 [17] (BG-subalgebra) A non-empty subset S  of a BG-algebra X  is called a 

subalgebra of X  if Syx ∈∗ ,   for all Syx ∈, .  

From this definition it is observed that, if a subset S  of a BG-algebra satisfies only the closer 

property, then S  becomes a BG-subalgebra. 

Definition 3 )(Ideal  A non-empty subset I  of a BG-algebra X  is called an ideal of X  if  

              Ii ∈0)(  

 Iyxii ∈∗)(  and IxIy ∈⇒∈ , for any Xyx ∈, .    

An ideal I of a BG-algebra ,0),( ∗X  is called closed if Ix ∈∗0 , for all Ix ∈ .  

The IVIFS is a particular type of FS. Ahn and Lee [1] extends the concepts of BG-subalgebra 

from crisp set to fuzzy set. In the fuzzy set, the membership values of the elements are written 

together along with the elements. The membership values lie between 0  and 1. The definition of 

this set is given below.  

Definition 4  [28] (Fuzzy set) Let X  be the collection of objects denoted generally by x  then a 

fuzzy set A  in X  is defined as }>:)(,{<= XxxxA A ∈µ  where )(xAµ  is called the 

membership value of x  in A  and 1)(0 ≤≤ xAµ . 

Combined the definition of BG-subalgebra over crisp set and the idea of fuzzy set Ahn and Lee 

[1] defined fuzzy BG-subalgebra, which is defined below.  

Definition 5  [1] (Fuzzy BG-subalgebra) Let A  be a fuzzy set in a BG-algebra. Then A  is called 

a fuzzy subalgebra of X  if )}(),({min)( yxyx AAA µµµ ≥∗  for all Xyx ∈, , where )(xAµ  is 

the membership value of x  in A .  

Definition 6 [19] (Fuzzy BG-ideal) A fuzzy set }>:)(,{<= XxxxA A ∈µ  in X  is called a 

fuzzy ideal of X  if it satisfies (i) )((0) xAA µµ ≥  and (ii) )}(),({)( yyxminx AAA µµµ ∗≥  for 

all Xyx ∈, .  

In a fuzzy set only the membership value )(xAµ  of an element x  is considered, and the non-

membership value can be taken as )(1 xAµ− . This value also lies between 0  and 1. But in 

reality this is not true for all cases, i.e., the non-membership value may be strictly less than 1. 

This idea was first incorporated by Attanasov [2] and initiated the concept of intuitionistic fuzzy 

set defined below.  

Definition 7  [2] (Intuitionistic fuzzy set) An intuitionistic fuzzy set A  over X  is an object 

having the form }:)(),(,{= XxxxxA AA ∈〉〈 νµ , where [0,1]:)( →XxAµ  and 

[0,1]:)( →XxAν , with the condition 1)()(0 ≤+≤ xx AA νν  for all Xx ∈ . The numbers 

)(xAµ  and )(xAν  denote, respectively, the degree of membership and the degree of non-

membership of the element x  in the set A . Obviously, when )(1=)( xx AA µν −  for every 

Xx ∈ , the set A  becomes a fuzzy set.  

Extending the idea of fuzzy BG-subalgebra, Zarandi and Saeid [31] defined intuitionistic fuzzy 

BG-subalgebra. In intuitionistic fuzzy BG-subalgebra, two conditions are to be satisfied, instead 

of one condition in fuzzy BG-subalgebra.  

Definition 8  [27](Intuitionistic fuzzy BG-subalgebra) An IFS }:)(),(,{= XxxxxA AA ∈〉〈 νµ  

in X is called an intuitionistic fuzzy subalgebra of X  if it satisfies the following two conditions, 
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        )}(),({min)( yxyx AAA µµµ ≥∗  

and   )}(),({max)( yxyx AAA ννν ≤∗ .  

 

The people observed that the determination of membership value is a difficult task for a decision 

maker. In [29], Zadeh defined another type of fuzzy set called interval-valued fuzzy sets (IVFSs). 

The membership value of an element of this set is not a single number, it is an interval and this 

interval is an subinterval of the interval [0,1] . Let D[0,1] be the set of a subintervals of the 

interval [0,1] .  

Definition 9  [29] (IVFS) An IVFS A  over X  is an object having the form 

}:)(,{= XxxMxA A ∈〉〈 , where [0,1]: DXM A → , where [0,1]D  is the set of all sub 

intervals of [0,1] . The interval )(xM A  denotes the interval of the degree of membership of the 

element x  to the set A , where )](),([=)( xMxMxM AUALA  for all Xx ∈ .  

Combining the idea of intuitionistic fuzzy set and interval-valued fuzzy sets, Atanassov and 

Gargov [3] defined a new class of fuzzy set called interval-valued intuitionistic fuzzy sets 

(IVIFSs) defined below.  

Definition 10  [3] (IVIFS) An IVIFS A  over X  is an object having the form ),(,{= xMxA A〈  

}:)( XxxN A ∈〉 , where [0,1]: DXM A →  and [0,1]: DXN A → , where [0,1]D  is the set of 

all subintervals of [0,1] . The intervals )(xM A  and )(xN A  denote the intervals of the degree of 

membership and degree of non-membership of the element x  to the set A , where 

)](),([=)( xMxMxM AUALA  and )](),([=)( xNxNxN AUALA , for all Xx ∈ , with the 

condition 1)()(0 ≤+≤ xNxM AUAU . 

    Also note that )](),1([1=)( xMxMxM ALAUA −−  and )](),1([1=)( xNxNxN ALAUA −− , 

where )([ xM A , )](xN A  represents the complement of x  in A . For the sake of simplicity, we 

shall use the symbol ),(= AA NMA  for the IVIFS }:)(),(,{= XxxNxMxA AA ∈〉〈 .  

The determination of maximum and minimum between two real numbers is very simple, but it is 

not simple for two intervals. Biswas [7] described a method to find max/sup and min/inf between 

two intervals or a set of intervals.  

Definition 11 [7] (Refinement of intervals) Consider two elements [0,1], 21 DDD ∈ . If 

],[= 111 baD  and ],[= 222 baD , then )],(max),,(max[=),( 212121 bbaaDDrmax  which is 

denoted by 21 DD
r∨  and )],(min),,(min[=),( 212121 bbaaDDrmin  which is denoted by 

21 DD
r∧ . Thus, if [0,1]],[= DbaD iii ∈  for i=1,2,3,4,....., then we define ( ) =i irsup D  

[ ( ), ( )]sup supi ii i
a b , i.e, ],[= iiiii

r

i baD ∨∨∨ . Similarly, we ( ) =i irinf D [ ( ), ( )]inf infi ii ia b  i.e, 

],[= iiiii

r

i baD ∧∧∧ . Now we call 21 DD ≥  iff 21 aa ≥  and 21 bb ≥ . Similarly, the relations 

21 DD ≤  and 21 = DD  are defined.  

The upper and lower level of an IVIF BG subalgebras is defined in the earlier paper of Senapati 

et al [28].  

Definition 12 [28](IVIF BG-subalgebras) Let ,(= AMA  )AN  be an IVIFS in X , where X  is a 

BG-subalgebra, then the set A  is IVIF BG-subalgebra over the binary operator ∗  if it satisfies 

the following conditions: 

    (BGS1)  )}(),({)( yMxMrminyxM AAA ≥∗   
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    (BGS2)  )}(),({)( yNxNrmaxyxN AAA ≤∗ , for all Xyx ∈, .   

Definition 13 [28] Let ),(= AA NMA  is an IVIF BG-subalgebra of X . For 1 2[ , ],s s  1 2[ , ]t t  

[0,1]D∈ , the set ]},[)(|{=]),[:( 2121 ssxMXxssMU AA ≥∈  is called upper ],[ 21 ss -level of 

A  and ]},[)(|{=]),[:( 2121 ttxNXxttNL AA ≤∈  is called lower ],[ 21 tt -level of A .  

Also the mapping of an IVIFS is defined in [26]. It has some extensive properties in the field of 

IVIF BG-subalgebras.  

Definition 14 [28] Let f  be a mapping from a set X into a set Y . Let B  be an IVIFS in Y . 

Then the inverse image of B , i.e., ))(),(,(=)( 111

BB NfMfXBf
−−−

 is the IVIFS in X  with 

the membership function and non-membership function respectively are given by 

))((=))((1
xfMxMf BB

−
 and ))((=))((1

xfNxNf BB

−
.   

3.  IVIFC-IDEALS OF BG-ALGEBRAS 

In this section, IVIF-ideal and IVIFC-ideal of BG-algebra are defined and prove some 

propositions and theorems are presented. In what follows, let X  denote a BG-algebra unless 

otherwise specified.  

Definition 15 An IVIFS ),(= AA NMA  in X  is called an IVIF-ideal of X  if it satisfies: 

      (BGS3)  )((0) xMM AA ≥  and )((0) xNN AA ≤  

      (BGS4)  )}(),({)( yMyxMrminxM AAA ∗≥   

      (BGS5)  )}(),({)( yNyxNrmaxxN AAA ∗≤  

for all Xyx ∈, .  

  

Example 2 Consider a BG-algebra X ={0,1,2,3} with the following Cayley table 

 

* 0 1 2 3 

0 0 1 2 3 

1 1 0 3 2 

2 2 3 0 1 

3 3 2 1 0 

  

Let ),(= AA NMA  be an IVIFS in X  defined as [1,1]=(2)=(0) AA MM , 

],[=(3)=(1) 21 mmMM AA , [0,0]=(2)=(0) AA NN  and ],[=(3)=(1) 21 nnNN AA , where 

],[ 21 mm , [0,1]],[ 21 Dnn ∈  and 122 ≤+ nm . Then ),(= AA NMA  is an IVIF-ideal of X . 

A closed ideal of IVIF ideal also be derived from the above definition.  

Definition 16 An IVIFS ),(= AA NMA  in X  is called an IVIFC-ideal of X  if it satisfies 

(BGS4), (BGS5) and (BGS6) with )()(0 xMxM AA ≥∗  and )()(0 xNxN AA ≤∗ , for all Xx ∈ .   

Example 3 Consider a BG-algebra X = ,5}{0,1,2,3,4  with the table in Example 1. We define an 

IVIFS ),(= AA NMA  in X by, [0.5,0.7]=(0)AM , [0.4,0.6]=(2)=(1) AA MM , 

[0.3,0.4]=(5)=(4)=(3) AAA MMM , [0.1,0.2]=(0)AN , [0.2,0.4]=(2)=(1) AA NN , and 

[0.4,0.6]=(5)=(4)=(3) AAA NNN . By routine calculations, one can verify that 

),(= AA NMA  is an IVIFC-ideal of X .  
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Proposition 1 Every IVIFC-ideal is an IVIF-ideal.  

The converse of above proposition is not true in general as seen in the following example.  

Example 4 Consider a BG-algebra ,5}{0,1,2,3,4=X  with the following table 

 

* 0 1 2 3 4 5 

0 0 5 4 3 2 1 

1 1 0 5 4 3 2 

2 2 1 0 5 4 3 

3 3 2 1 0 5 4 

4 4 3 2 1 0 5 

5 5 4 3 2 1 0 

 

Let us an IVIFS ),(= AA NMA  in X  by [0.5,0.7]=(0)AM , [0.4,0.6]=(1)AM , 

[0.3,0.4]=(5)=(4)=(3)=(2) AAAA MMMM , [0.1,0.2]=(0)AN , [0.2,0.4]=(1)AN , and 

[0.4,0.6]=(5)=(4)=(3)=(2) AAAA NNNN . We know that ),(= AA NMA  is an IVIF-ideal 

of X . But it is not an IVIFC-ideal of X  since )()(0 xMxM AA ≥∗  and )()(0 xNxN AA ≤∗ .   

Corollary 1 Every IVIF BG-subalgebra satisfying (BGS4) and (BGS5) is an IVIFC-ideal.   

Theorem 1 Every IVIFC-ideal of a BG-algebra X  is an IVIF BG-subalgebra of X .  

 Proof: If ),(= AA NMA  is an IVIFC-ideal of X , then for any Xx ∈  we have 

)()(0 xMxM AA ≥∗  and )()(0 xNxN AA ≤∗ . Now  

       (BGS4)by)},(0)),(0)(({)( yMyyxMrminyxM AAA ∗∗∗∗≥∗  

 )}(0),({= yMxMrmin AA ∗  

 (BGS6)by)},(),({ yMxMrmin AA≥

( ) { (( ) (0 )), (0 )}, by (BGS5)A A Aand N x y rmax N x y y N y∗ ≤ ∗ ∗ ∗ ∗  

    )}(0),({= yNxNrmax AA ∗  

    .(BGS6)by)},(),({ yNxNrmax AA≤  

 Hence the theorem.  

Proposition 2 If an IVIFS ),(= AA NMA  in X  is an IVIFC-ideal, then for all Xx ∈ , 

)((0) xMM AA ≥  and )((0) xNN AA ≤ .  

Proof: Straightforward.  

Theorem 2 An IVIFSs ]},[],,{[= AUALAUAL NNMMA  in X is an IVIF-ideal of X iff ALM , 

AUM , ALN  and AUN  are fuzzy ideals of X .  

Proof: Since )((0) xMM ALAL ≥ , )((0) xMM AUAU ≥ , )((0) xNN ALAL ≤  and 

)((0) xNN AUAU ≤ , therefore )((0) xMM AA ≥  and ).((0) xNN AA ≤  

Let ALM  and AUM  are fuzzy ideals of X . Let Xyx ∈, . Then  

 )](),([=)( xMxMxM AUALA  

 )}](),({)},(),({[ yMyxMminyMyxMmin AUAUALAL ∗∗≥  

 )]}(),([)],(),({[= yMyMyxMyxMrmin AUALAUAL ∗∗  

 )}.(),({= yMyxMrmin AA ∗  

 Let ALN  and AUN  are fuzzy ideals of X  and Xyx ∈, . Then  



International Journal of Fuzzy Logic Systems (IJFLS) Vol.2, No.2, April 2012 

  

33 

 

  )](),([=)( xNxNxN AUALA  

 )}](),({max)},(),({max[ yNyxNyNyxN AUAUALAL ∗∗≤  

 )]}(),([)],(),({[= yNyNyxNyxNrmax AUALAUAL ∗∗  

 )}.(),({= yNyxNrmax AA ∗  

 Hence, ]},[],,{[= AUALAUAL NNMMA  is an IVIF ideal of X. 

Conversely, assume that, A  is an IVIF ideal of X . For any Xyx ∈, , we have  

  )(=)](),([ xMxMxM AAUAL  

       )}(),({ yMyxMrmin AA ∗≥  

       )](),([)],(),({[= yMyMyxMyxMrmin AUALAUAL ∗∗  

       )}](),({min)},(),({min[= yMyxMyMyxM AUAUALAL ∗∗  

  [ ( ), ( )] = ( )AL AU Aand N x N x N x  

        )}(),({ yNyxNrmax AA ∗≤  

         )]}(),([)],(),({[= yNyNyxNyxNrmax AUALAUAL ∗∗  

          )}].(),({max)},(),({max[= yNyxNyNyxN AUAUALAL ∗∗  

 Thus,  

( ) min{ ( ), ( )}, ( ) min{ ( ), ( )},

( ) max{ ( ), ( )}, ( ) max{ ( ), ( )}.

AL AL AL AU AU AU

AL AL AL AU AU AU

M x M x y M y M x M x y M y

N x N x y N y N x N x y N y

≥ ∗ ≥ ∗

≤ ∗ ≤ ∗
 

Hence, ALAUAL NMM ,,  and AUN  are fuzzy ideals of X . 

The intersection of two IVIFS of X  is defined by Atanassov [4] as follows  

Definition 17 Let A  and B  be two IVIFSs on X , where  

 }:]),([)],(),([{= XxNxNxMxMA AUALAUAL ∈〉〈  

 }:]),([)],(),([{= XxNxNxMxMBand BUBLBUBL ∈〉〈  

 Then the intersection of A  and B  is denoted by BA ∩  and is given by  

 }:)(),(,{= XxxNxMxBA BABA ∈〉〈∩ ∪∩  

 ))],(),(()),(),(([{= xMxMminxMxMmin BUAUBLAL〈  

 }:))](),(()),(),(([ XxxNxNmaxxNxNmax BUAUBLAL ∈〉   

The definition of intersection holds good for IVIF BG subalgebras.  

Theorem 3 Let 1A  and 2A  be two IVIF-ideals of a BG-algebras X . Then 21 AA ∩  is also an 

IVIF-ideal of BG-algebra X.  

Proof: Let 21, AAyx ∩∈ . Then 1, Ayx ∈  and 2A . Now, 

)(=)}(),({)(=(0)
2121212121

xMxMxMrminxxMM AAAAAAAAAA ∩∩∩∩∩ ≥∗   

and )(=)}(),({)(=(0)
2121212121

xNxNxNrminxxNN AAAAAAAAAA ∩∩∩∩∩ ≤∗ . 

)](),([=)(, )
21

()
21

(
21

xMxMxMAlso UAALAAAA ∩∩∩  

 ))](),((min)),(),((min[=
2121

xMxMxMxM UAUALALA                 

))](),((min)),(),((min[ )
21

()
21

()
21

()
21

( yMyxMyMyxM UAAUAALAALAA ∩∩∩∩ ∗∗≥  

    )}(),({=
2121

yMyxMrmin AAAA ∩∩ ∗  

and ( ) ( )
1 2 1 2 1 2

( ) = [ ( ), ( )]A A A A L A A UN x N x N x∪ ∪ ∪  
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    ))](),((max)),(),((max[=
2121

xNxNxNxN UAUALALA   

))](),((max)),(),((max[ )
21

()
21

()
21

()
21

( yNyxNyNyxN UAAUAALAALAA ∪∪∪∪ ∗∗≤

)}.(),({=
2121

yNyxNrmax AAAA ∪∪ ∗  

 Hence, 21 AA ∩  is also an IVIF-ideal of BG-algebra X.  

This proves that the intersection of any two IVIF-ideals of X  is again an IVIF-ideal of X . The 

above theorem can be generalized as  

 

Corollary 2 Intersection of any family of IVIF-ideals of X  is again an IVIF-ideal of X .  

In the same way and by the definition of A  we can prove the following result.  

Corollary 3 If A  is an IVIF-ideal of X  then A  is also an IVIF-ideal of X .  

  

Lemma 1 Let ),(= AA NMA  be an IVIF-ideal of X . If zyx ≤∗  then 

    )}(),({)( zMyMrminxM AAA ≥  

    )}(),({)( zNyNrmaxxN AAA ≤ .  

Proof: Let Xzyx ∈,,  such that zyx ≤∗ . Then 0=)( zyx ∗∗  and thus  

)}(),({)( yMyxMrminxM AAA ∗≥  

            )}()},(),){(({{ yMzMzyxMrminrmin AAA ∗∗≥  

             )}()},((0),{{= yMzMMrminrmin AAA  

 )}(),({= zMyMrmin AA  

   ( ) { ( ), ( )}A A Aand N x rmax N x y N y≤ ∗  

 )}()},(),){(({{ yNzNzyxNrmaxrmax AAA ∗∗≤  

 )}()},((0),{{= yNzNNrmaxrmax AAA  

 )}.(),({= zNyNrmax AA   

Lemma 2 Let ),(= AA NMA  be an IVIF-ideal of X . If yx ≤  then )()( yMxM AA ≥  and 

)()( yNxN AA ≤  i.e., AM  is order-reserving and AN  is order-preserving.  

Proof: Let Xyx ∈,  such that yx ≤ . Then 0=yx ∗  and thus  

 )}(),({)( yMyxMrminxM AAA ∗≥  

             )}((0),{= yMMrmin AA  

                          )(= xM A  

   ( ) { ( ), ( )}A A Aand N x rmax N x y N y≤ ∗  

      )}((0),{= yNNrmax AA  

      ).(= xN A  

Using induction on n  and by Lemma 1 and Lemma 2  we can easily prove the following 

theorem.  

Theorem 4 If ),(= AA NMA  is an IVIF-ideal of X , then 0=....)))(....(( 21 naaax ∗∗∗∗  for 

any Xaaax n ∈,....,,, 21 , implies )}(),.....,(),({)( 21 nAAAA aMaMaMrminxM ≥  and 

)}(),.....,(),({)( 21 nAAAA aNaNaNrmaxxN ≤ .  



International Journal of Fuzzy Logic Systems (IJFLS) Vol.2, No.2, April 2012 

  

35 

 

Here we define two operators A⊕  and A⊗  on IVIFS as follows:  

Definition 18 Let ),(= AA NMA  be an IVIFS defined on X . The operators A⊕  and A⊗  

are defined as ))(),((= xMxMA AA⊕  and ))(),((= xNxNA AA⊗  in X .   

Theorem 5 If ),(= AA NMA  is an IVIF-ideal of a BG-algebra X , then (i) A⊕ , and (ii) 

A⊗ , both are IVIF-ideals of BG-algebra X .  

Proof: For (i), it is sufficient to show that AM  satisfies the second part of the conditions (BGS3) 

and (BGS5). We have )()(1(0)1=(0) xMxMMM AAAA ≤−≤− . Let Xyx ∈, . Then  

       )(1=)( xMxM AA −  

       )}(),({1 yMyxMrmin AA ∗−≤  

        = {1 ( ),1 ( )} 1 = [1,1]A Armax M x y M y since− ∗ −  

        )}.(),({= yMyxMrmax AA ∗  

 Hence, A⊕  is an IVIF-ideal of BG-subalgebra X . 

For (ii), it is sufficient to show that AN  satisfies the first part of the conditions (BGS3) and 

(BGS4). We have )()(1(0)1=(0) xNxNNN AAAA ≥−≥− . Let Xyx ∈, . Then  

         )(1=)( xNxN AA −  

         )}(),({1 yNyxNrmax AA ∗−≥  

         = {1 ( ),1 ( )} 1 = [1,1]A Armin N x y N y since− ∗ −  

         )}.(),({= yNyxNrmin AA ∗  

 Hence, A⊗  is an IVIF-ideal of BG-subalgebra X .  

Theorem 6 An IVIFS ),(= AA NMA  is an IVIFC-ideal of X  iff the sets ]),[:( 21 ssMU A  and 

]),[:( 21 ttNL A  are closed ideal of X  for every [0,1]],[],,[ 2121 Dttss ∈ .  

Proof: Suppose that ),(= AA NMA  is an IVIFC-ideal of X . For [0,1]],[ 21 Dss ∈ , obviously, 

]),[:(0 21 ssMUx A∈∗ , where Xx ∈ . Let Xyx ∈,  be such that x y∗ ∈ 1 2( : [ , ])AU M s s  

and ]),[:( 21 ssMUy A∈ . Then ( )AM x ≥  { ( ),Armin M x y∗  ( )}AM y  ≥ 1 2[ , ]s s . Then 

]),[:( 21 ssMUx A∈ . Hence, ]),[:( 21 ssMU A  is closed ideal of X . 

For [0,1]],[ 21 Dtt ∈ , obviously, ]),[:(0 21 ttNLx A∈∗ . Let Xyx ∈,  be such that 

]),[:( 21 ttNLyx A∈∗  and ]),[:( 21 ttNLy A∈ . Then ( ) { ( ), ( )}A A AN x rmax N x y N y≤ ∗  

1 2[ , ]t t≤ . Then ]),[:( 21 ttNLx A∈ . Hence, ]),[:( 21 ttNL A  is closed ideal of X. 

Conversely, assume that each non-empty level subset ]),[:( 21 ssMU A  and ]),[:( 21 ttNL A  are 

closed ideals of X . For any Xx ∈ , let ],[=)( 21 ssxM A  and ],[=)( 21 ttxN A . Then 

]),[:( 21 ssMUx A∈  and ]),[:( 21 ttNLx A∈ . Since 0 x∗ ∈  1 2 1 2( : [ , ]) ( : [ , ])A AU M s s L N t t∩ , 

it follows that )(=],[)(0 21 xMssxM AA ≥∗  and )(=],[)( 21 xNttxN AA ≤ , for all Xx ∈ . 

If there exist X∈βα ,  such that )}(),({<)( ββαα AAA MMrminM ∗ , then by taking 

)}](),({)([
2

1
=]','[ 21 βαβα AAA MMrminMss +∗ , it follows that α β∗ ∈ 1 2( : [ ', '])AU M s s  
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and ])','[:( 21 ssMU A∈β , but ])','[:( 21 ssMU A∉α , which is a contradiction. Hence, 

])','[:( 21 ssMU A  is not closed ideal of X . 

Again, if there exist X∈δγ ,  such that )}(),({>)( δδγγ AAA NNrmaxN ∗ , then by taking 

)}](),({)([
2

1
=]','[ 21 δγδγ AAA NNrmaxNtt +∗ , it follows that γ δ∗ ∈ 1 2( : [ ', '])AU N t t and 

])','[:( 21 ttNL A∈δ , but ])','[:( 21 ttNL A∉γ , which is a contradiction. Hence, 

])','[:( 21 ttNL A  is not closed ideal of X. 

Hence, ),(= AA NMA  is an IVIFC-ideal of X  since it satisfies (BGS3) and (BGS4).  

 

4. INVESTIGATION OF IVIF-IDEALS UNDER  

    HOMOMORPHISM 
 
In this section, homomorphism of IVIF BG-subalgebra is defined and some results are studied. 

Let f  be a mapping from the set X  into the set Y . Let B  be an IVIFS in Y . Then the inverse 

image of B , is defined as ))(),((=)( 111

BB NfMfBf
−−−

 with the membership function and 

non-membership function respectively are given by ))((=))((1
xfMxMf BB

−
 and 

))((=))((1
xfNxNf BB

−
. It can be shown that )(1

Bf
−

 is an IVIFS.  

Definition 19 A mapping YXf →:  of BG-algebra is called a BG-homomorphism if 

)()(=)( yfxfyxf ∗∗ , for all Xyx ∈, . Note that if YXf →:  is a BG-homomorphism, 

then 0=(0)f .  

Theorem 7 [28] Let YXf →:  be a homomorphism of BG-algebras. If ),(= BB NMB  is an 

IVIF BG-subalgebra of Y , then the preimage ))(),((=)( 111

BB NfMfBf
−−−

 of B  under f  is 

an IVIF BG-subalgebra of X .  

  

Theorem 8 Let YXf →:  be a homomorphism of BG-algebras. If ),(= BB NMB  is an IVIF-

ideal of Y , then the preimage ))(),((=)( 111

BB NfMfBf
−−−

 of B  under f  in X  is an IVIF-

ideal of X .  

Proof: For all Xx ∈ , )(0)(=(0))(=(0)))((=))(( 11

BBBBB MffMMxfMxMf
−− ≤  

and   )(0)(=(0))(=(0)))((=))(( 11

BBBBB NffNNxfNxNf
−− ≥ . Again let Xyx ∈, . Then    

))((=))((1
xfMxMf BB

−
 

 

          ))}(()),()((({ yfMyfxfMrmin BB ∗≥  

          ))}((),(({ yfMyxfMrmin BB ∗≥  

                      )})((),)(({= 11
yMfyxMfrmin BB

−− ∗  

 

  
1( )( ) = ( ( ))B Band f N x N f x

−
 

 

         ))}(()),()((({ yfNyfxfNrmax BB ∗≤  

         ))}((),(({ yfNyxfNrmax BB ∗≤  

          )}.)((),)(({= 11
yNfyxNfrmax BB

−− ∗  
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 Hence, ))(),((=)( 111

BB NfMfBf
−−−

 is an IVIF-ideal of X .  

Theorem 9 Let YXf →:  be an epimorphism of BG-algebras. Then ),(= BB NMB  is an 

IVIF-ideal of Y, if ))(),((=)( 111

BB NfMfBf
−−−

 of B  under f  in X  is an IVIF-ideal of X .  

Proof: For any Yx ∈ , ∃  Xa ∈  such that xaf =)( . Then 

    (0)=(0))(=)(0)())((=))((=)( 11

BBBBBB MfMMfaMfafMxM
−− ≤  

      and   (0)=(0))(=)(0)())((=))((=)( 11

BBBBBB NfNNfaNfafNxN
−− ≥ . 

Let Yyx ∈, . Then xaf =)(  and ybf =)(  for some Xba ∈, . Thus 

))((=))((=)( 1
aMfafMxM BBB

−
 

        )})((),)(({ 11
bMfbaMfrmin BB

−− ∗≥  

         ))}(()),(({= bfMbafMrmin BB ∗  

         ))}(()),()(({= bfMbfafMrmin BB ∗  

          )}(),({= yMyxMrmin BB ∗  

1( ) = ( ( )) = ( )( )B B Band N x N f a f N a
−

 

          )})((),)(({ 11
bNfbaNfrmax BB

−− ∗≤  

                       ))}(()),(({= bfNbafNrmax BB ∗  

                       ))}(()),()(({= bfNbfafNrmax BB ∗  

                       )}.(),({= yNyxNrmax BB ∗  

 

 Then ),(= BB NMB  is an IVIF-ideal of Y . 

 

5. EQUIVALENCE RELATIONS ON IVIF-IDEALS 
 

Let IVIFI(X) denote the family of all interval-valued intuitionistic fuzzy ideals of X  and let 

[0,1]],[= 21 D∈ρρρ . Define binary relations 
ρ

U  and 
ρL  on IVIFI(X) as  

):(=):(),( ρρρ
BA MUMUUBA ⇔∈ and ):(=):(),( ρρρ

BA NLNLLBA ⇔∈  

respectively, for ),(= AA NMA  and ),(= BB NMB  in IVIFI(X). Then clearly 
ρ

U  and 
ρL  are 

equivalence relations on IVIFI(X). For any )(),(= XIVIFINMA AA ∈ , let ρ
U

A][  

(respectively, ρ
L

A][ ) denote the equivalence class of A  modulo 
ρ

U  (respectively, 
ρL ), and 

denote by IVIFI(X)/
ρ

U  (respectively, IVIFI(X)/
ρL ) the collection of all equivalence classes 

modulo 
ρ

U  (respectively, 
ρL ), i.e., 

      IVIFI(X)/ )},(),(=|]{[:= XIVIFINMAAU AA
U

∈ρ
ρ

 

respectively, 

      IVIFI(X)/ )}(),(=|]{[:= XIVIFINMAAL AA
L

∈ρ
ρ

. 

These two sets are also called the quotient sets. 

Now let )(XT  denote the family of all ideals of X  and let [0,1]],[= 21 D∈ρρρ . Define 

mappings ρf  and ρg  from IVIFI(X) to }{)( φ∪XT  by ):(=)( ρρ AMUAf  and 

):(=)( ρρ ANLAg , respectively, for all )(),(= XIVIFINMA AA ∈ . Then ρf  and ρg  are 
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clearly well-defined.  

Theorem 10 For any [0,1]],[= 21 D∈ρρρ , the maps ρf  and ρg  are surjective from IVIFI(X) 

to }{)( φ∪XT .  

Proof: Let [0,1]],[= 21 D∈ρρρ . Note that = ( , )0 0 1%  is in IVIFI(X), where 0  and 1  are 

interval-valued fuzzy sets in X  defined by 0 [0,0]=)(x  and 1 [1,1]=)(x  for all Xx ∈ . 

Obviously ( ) =fρ 0% ):( ρ0U = ]),[:([0,0] 21 ρρU =φ = ]),[:([1,1] 21 ρρL  = ):( ρ1L = ( )gρ 0% . 

Let )()( XIVIFIP ∈≠ φ . For = ( , )P PP χ χ ∈% ( )IVIFI X , we have ( )f Pρ
% = PU P =):( ρχ  

and ( ) =g Pρ
%  PL P =):( ρχ . Hence ρf  and ρg  are surjective.  

Theorem 11 The quotient sets IVIFI(X)/
ρ

U  and IVIFI(X)/
ρL  are equipotent to }{)( φ∪XT  

for every [0,1]D∈ρ .  

Proof: For [0,1]D∈ρ  let 
∗

ρf  (respectively, 
∗
ρg ) be a map from IVIFI(X)/

ρ
U  (respectively, 

IVIFI(X)/
ρL ) to }{)( φ∪XT  defined by )(=)]([ AfAf

U
ρρρ

∗
 (respectively, 

([ ] ) =
U

g Aρ ρ
∗ ( )g Aρ ) for all )}(),(= XIVIFINMA AA ∈ . If ):(=):( ρρ BA MUMU  and 

( : ) =AL N ρ ( : )BL N ρ  for ),(= AA NMA  and ),(= BB NMB  in IVIFI(X), then ( , )A B ∈ 

U
ρ

and 
ρ

LBA ∈),( ; hence ρρ
UU

BA ][=][  and ρρ
LL

BA ][=][ . Therefore the maps 
∗

ρf  and 

∗

ρg  are injective. Now let )()( XIVIFIP ∈≠ φ . For = ( , ) ( )P PP IVIFI Xχ χ ∈% , we have 

        ([ ] ) = ( )
U

f P f Pρ ρ ρ
∗ % % = PU P =):( ρχ , 

and 

        ([ ] ) = ( ) = ( : ) =
P

L
g P g P L Pρ ρ ρ χ ρ∗ % % . 

Finally, for = ( , )0 0 1% )(XIVIFI∈  we get ([ ] ) = ( )
U

f fρ ρ ρ
∗ 0 0% % = φρ =):(0U  and 

([ ] )
L

gρ ρ
∗ 0% = ( )gρ 0% = φρ =):(1L . This shows that 

∗

ρf  and 
∗

ρg  are surjective. This completes 

the proof.  

For any [0,1]D∈ρ , we define another relation 
ρR  on IVIFI(X) as follows: 

    ):():(=):():(),( ρρρρρ
BBAA NLMUNLMURBA ∩∩⇔∈  

for any ),(= AA NMA  and )(),(= XIVIFINMB BB ∈ . Then the relation 
ρR  is an 

equivalence relation on IVIFI(X).  

Theorem 12 For any [0,1]D∈ρ , the maps }{)()(: φψ ρ ∩→ XTXIVIFI  defined by 

( ) =Aρψ  ( ) ( )f A g Aρ ρ∩  for each XNMA AA ∈),(=  is surjective.  

Proof: Let [0,1]D∈ρ . For = ( , ) ∈0 0 1% )(XIVIFI , 

    ( )ρψ 0% = ( )fρ ∩0% ( )gρ 0% = ∩):( ρ0U φρ =):(1L . 

For any )(XIVIFIH ∈ , there exists )(),(= XIVIFIH HH ∈χχ
:

 such that 

    ( )Hρψ % = ( )f Hρ ∩% ( )g Hρ
% = ∩):( ρχHU HL H =):( ρχ . 

This completes the proof.  
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Theorem 13 The quotient sets IVIFI(X)/
ρR  are equipotent to }{)( φ∪XT  for every 

ρ ∈ [0,1]D .  

Proof: For [0,1]D∈ρ , define a map →∗ ρ
ρψ RXIVIFI )/(:  }{)( φ∪XT  by            

)(=)]([ AA
R

ρρρ ψψ ∗
for all 

ρ
ρ RXIVIFIA

R
)/(][ ∈ . Assume that )]([=)]([ ρρρρ ψψ

RR
BA

∗∗
 for 

any ρ
R

A][  and 
ρ

ρ RXIVIFIB
R

)/(][ ∈ . Then )()(=)()( BgBfAgAf ρρρρ ∩∩ , i.e., 

            ):():(=):():( ρρρρ BBAA NLMUNLMU ∩∩ .  

Hence 
ρ

RBA ∈),( , and so ρρ
RR

BA ][=][ . Therefore the maps 
∗

ρψ  are injective. Now for 

),(= 100
:

)(XIVIFI∈  we have 

      ([ ] )
R

ρ ρψ ∗ 0% = ( )ρψ 0 = ( )fρ ∩0 ( )gρ 0 = ∩):( ρ0U φρ =):(1L . 

If )(XIVIFIH ∈ , then for )(),(= XIVIFIH HH ∈χχ
:

, we obtain 

      ([ ] )
R

Hρ ρψ ∗
= ( )Hρψ = ( )f Hρ ∩% ( )g Hρ

% = ∩):( ρχHU HL H =):( ρχ . 

Thus 
∗

ρψ  is surjective. This completes the proof.  

 

6.  PRODUCT OF IVIF BG-ALGEBRA 
 
In this section, product of IVIF BG-algebra is defined and some results are studied.  

Definition 20 Let ),(= AA NMA  and ),(= BB NMB  be two IVIFSs of X . The cartesian 

product ),,(= BABA NNMMXXBA ××××  is defined by 

            )}(),({=),)(( yMxMrminyxMM BABA ×  and 

             )}(),({=),)(( yNxNrmaxyxNN BABA × ,  

where [0,1]: DXXMM BA →××  and [0,1]: DXXNN BA →××  for all Xyx ∈, .  

  

Proposition 3 Let ),(= AA NMA  and ),(= BB NMB  be IVIF-ideals of X , then BA×  is an 

IVIF-ideal of XX × .  

Proof: For any XXyx ×∈),( , we have  

          (0)}(0),{=)(0,0)( BABA MMrminMM ×  

            ,,)},(),({ XyxallforyMxMrmin BA ∈≥  

            ),)((= yxMM BA ×  

and     ( )(0,0) = { (0), (0)}A B A BN N rmax N N×  

            ,,)},(),({ XyxallforyNxNrmin BA ∈≤  

            ).,)((= yxNN BA ×  

 

 Let ),( 11 yx  and XXyx ×∈),( 22 . Then  

  )}(),({=),)(( 1121 yMxMrminyxMM BABA ×  

 

        )}}(),({)},(),({{ 221221 yMyyMrminxMxxMrminrmin BBAA ∗∗≥  

        )}}(),({)},(),({{= 222121 yMxMrminyyMxxMrminrmin BABA ∗∗  

        )},)((),,)({(= 222121 yxMMyyxxMMrmin BABA ×∗∗×  



International Journal of Fuzzy Logic Systems (IJFLS) Vol.2, No.2, April 2012 

  

40 

 

        )},)(()),,(),)(({(= 222211 yxMMyxyxMMrmin BABA ×∗×  

 

and 1 2 1 1( )( , ) = { ( ), ( )}A B A BN N x y rmax N x N y×  

 

         )}}(),({)},(),({{ 221221 yNyyNrmaxxNxxNrmaxrmax BBAA ∗∗≤  

         )}}(),({)},(),({{= 222121 yNxNrmaxyyNxxNrmaxrmax BABA ∗∗  

         )},)((),,)({(= 222121 yxNNyyxxNNrmax BABA ×∗∗×  

         )}.,)(()),,(),)(({(= 222211 yxNNyxyxNNrmax BABA ×∗×  

 

 Hence, BA×  is an IVIF-ideal of XX × .  

Proposition 4 Let ),(= AA NMA  and ),(= BB NMB  are IVIFC-ideals of X , then BA×  is an 

IVIFC-ideal of XX × .  

Proof: Now, ( )((0,0) ( , )) = ( )(0 ,0 )A B A BM M x y M M x y× ∗ × ∗ ∗  

         )}(0),(0{= yMxMrmin BA ∗∗  

         )}(),({ yMxMrmin BA≥  

         ),)((= yxMM BA ×  

 

and ( )((0,0) ( , )) = ( )(0 ,0 )A B A BN N x y N N x y× ∗ × ∗ ∗  

         )}(0),(0{= yNxNrmax BA ∗∗  

         )}(),({ yNxNrmax BA≤  

         ).,)((= yxNN BA ×  

 

 Hence, BA×  is an IVIFC-ideal of XX × .  

Lemma 3 If ),(= AA NMA  and ),(= BB NMB  are IVIF-ideals of X , then 

),(=)( BABA MMMMBA ×××⊕  is an IVIF-ideals of XX × .  

Proof: Since )}(),({=),)(( yMxMrminyxMM BABA × . 

That is, )}(),1({1=),)((1 yMxMrminyxMM BABA −−×− . 

This implies, ),)((=)}(),1({11 yxMMyMxMrmin BABA ×−−− . 

Therefore, )}(),({=),)(( yMxMrmaxyxMM BABA × . 

Hence, ),(=)( BABA MMMMBA ×××⊕  is an IVIF-ideal of XX × .  

Lemma 4 If ),(= AA NMA  and ),(= BB NMB  are IVIF-ideals of X , then 

),(=)( BABA NNNNBA ×××⊗  is an IVIF-ideal of XX × .  

Proof: Since )}(),({=),)(( yNxNrmaxyxNN BABA × . 

That implies, )}(),1({1=),)((1 yNxNrmaxyxNN BABA −−×− . 

This is, ),)((=)}(),1({11 yxNNyNxNrmax BABA ×−−− . 

Therefore, )}(),({=),)(( yNxNrminyxNN BABA × . 

Hence, ),(=)( BABA NNNNBA ×××⊗  is an IVIF-ideal of XX × . 

By the above two lemmas, it is not difficult to verify that the following theorem is valid.  
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Theorem 14 The IVIFSs ),(= AA NMA  and ),(= BB NMB  are IVIF-ideals of X iff 

),(=)( BABA MMMMBA ×××⊕  and ),(=)( BABA NNNNBA ×××⊗  are IVIF-ideal of 

XX × .   

Lemma 5 If ),(= AA NMA  and ),(= BB NMB  are IVIFC-ideals of X , then 

),(=)( BABA MMMMBA ×××⊕  is an IVIFC-ideals of XX × .  

Proof: Since ),(= AA NMA  and ),(= BB NMB  are IVIFC-ideals of X , ),(= AA NMA  and 

),(= BB NMB  are IVIF-ideals of X . Thus, BA×  is IVIF-ideal of XX × . 

Now ),)(()),()((0,0)( yxMMyxMM BABA ×≥∗× . 

That is, ),)((1)),()((0,0)(1 yxMMyxMM BABA ×−≥∗×− . 

This gives, ),)(()),()((0,0)( yxMMyxMM BABA ×≤∗× . 

Hence, ),(=)( BABA MMMMBA ×××⊕  is an IVIFC-ideal of XX × .  

Lemma 6 If ),(= AA NMA  and ),(= BB NMB  are IVIFC-ideals of X , then 

),(=)( BABA NNNNBA ×××⊗  is an IVIFC-ideals of XX × .  

Proof: The proof is similar to the proof of the above lemma.  

The following theorem follows from the above two lemmas.  

Theorem 15 ),(= AA NMA  and ),(= BB NMB  are IVIFC-ideals of X  iff ( ) =A B×⊕  

( , )A BA BM M M M× ×  and ),(=)( BABA NNNNBA ×××⊗  are IVIFC-ideal of XX × .   

Definition 21 Let ),(= AA NMA  and ),(= BB NMB  is IVIF BG-subalgebra of X . For 

[0,1]],[],,[ 2121 Dttss ∈ , the set 1 2( : [ , ]) =A BU M M s s×  {( , ) |x y X X∈ ×  ( )A BM M×  

( , )x y  1 2[ , ]}s s≥  is called upper ],[ 21 ss -level of BA×  and 1 2( : [ , ]) =A BL N N t t×  {( , )x y ∈  

1 2| ( )( , ) [ , ]}A BX X N N x y t t× × ≤ is called lower ],[ 21 tt -level of BA× .   

Theorem 16 For any IVIFS ),(= AA NMA  and ),(= BB NMB , BA×  is an IVIFC-ideals of 

XX ×  iff the non-empty upper ],[ 21 ss -level cut ]),[:( 21 ssMMU BA ×  and the non-empty 

lower ],[ 21 tt -level cut ]),[:( 21 ttNNL BA ×  are closed ideals of XX ×  for any ],[ 21 ss  and 

[0,1]],[ 21 Dtt ∈ .  

Proof: Let ),(= AA NMA  and ),(= BB NMB  are IVIFC-ideals of X , therefore for any 

XXyx ×∈),( , 

      ),)(()),()((0,0)( yxMMyxMM BABA ×≥∗×   

and ),)(()),()((0,0)( yxNNyxNN BABA ×≤∗× . 

For [0,1]],[ 21 Dss ∈ , if ],[),)(( 21 ssyxMM BA ≥× . 

That is, ],[)),()((0,0)( 21 ssyxMM BA ≥∗×  

This implies, ]),[:(),((0,0) 21 ssMMUyx BA ×∈∗ . 

Let XXyxyx ×∈′′ ),(),,(  such that ]),[:(),(),( 21 ssMMUyxyx BA ×∈′′∗  and 

]),[:(),( 21 ssMMUyx BA ×∈′′ .

, ( )( , ) {( )(( , ) ( , )),( )( , )}A B A B A BNow M M x y rmin M M x y x y M M x y′ ′ ′ ′× ≥ × ∗ ×  

 ]),[],,([ 2121 ssssrmin≥  
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 ].,[= 21 ss  

 

 This implies, ]),[:(),( 21 ssMMUyx BA ×∈ . 

Thus ]),[:( 21 ssMMU BA ×  is closed ideal of XX × . 

Similarly, ]),[:( 21 ttNNL BA ×  is closed ideal of XX × . 

Conversely, let XXyx ×∈),(  such that ],[=),)(( 21 ssyxMM BA ×  and ( )A BN N× ( , )x y  

1 2= [ , ]t t . This implies, ]),[:(),( 21 ssMMUyx BA ×∈  and ]),[:(),( 21 ttNNLyx BA ×∈ . Since 

]),[:(),((0,0) 21 ssMMUyx BA ×∈∗  and ]),[:(),((0,0) 21 ttNNLyx BA ×∈∗  (by definition of 

closed ideal). Therefore, ],[)),()((0,0)( 21 ssyxMM BA ≥∗×  and 

],[)),()((0,0)( 21 ttyxNN BA ≤∗× . This gives, ( )((0,0) ( , ))A BM M x y× ∗  ( )A BM M≥ ×  

( , )x y and ),)(()),()((0,0)( yxNNyxNN BABA ×≤∗× . Hence, BA×  is an IVIFC-ideal of 

XX × .  

 

7.  Conclusions and Future Work 
 
In the present paper, we have introduced the concept of IVIF-ideal and IVIFC-ideal of BG-

algebras are introduced and investigated some of their useful properties. The product of IVIF BG-

subalgebra has been introduced and some important properties of it are also studied. In our 

opinion, these definitions and main results can be similarly extended to some other algebraic 

systems such as BF-algebras, lattices and Lie algebras. 

 

It is our hope that this work would other foundations for further study of the theory of BG-

algebras. The results obtained here probably be applied in various fields such as artificial 

intelligence, signal processing, multiagent systems, pattern recognition, robotics, computer 

networks, genetic algorithm, neural networks, expert systems, decision making, automata theory 

and medical diagnosis. 

 

In our future study of fuzzy structure of BG-algebra, the following topics may be considered: 

 

      (i) To find interval-valued intuitionistic (T,S)-fuzzy ideals, where S and T are given  

imaginable triangular norms; 

     (ii) To get more results in IVIFC-ideals of BG-algebra and their applications; 

     (iii) To find ),( q∨εε -interval-valued intuitionistic fuzzy ideals of BG-algebras. 
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