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ABSTRACT:

The aim of this paper is to introduce and study TL-subnear-rings, TL-ideals of near-rings and to obtain
their characterizations. We define T-sum, T-difference, T-product of L-subsets of a near-ring R and obtain
their properties. The set of TL-ideals of a near-ring R equipped with L-subset inclusion relation <
constitutes a complete lattice with L- subset intersection as its meet is proved. The quotient near-ring
(R/u,+7. +) is obtained and proved that it is isomorphic to the quotient near-ring (R/Ru,+r1+). Also we
obtain some characterizations of homomorphism of TL-ideals of near-rings.
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1. INTRODUCTION:

The theory of fuzzy sets was introduced by Zadeh [14]. Goguen [9] introduced the concept of L-
fuzzy sets. Rosenfeld [13] first introduced the fuzzification of the algebraic structures and defined
fuzzy subgroups.Anthony and Sherwood [3], Asaad and Abou-zaid [4], Akgul [2], Das [6], Dixit,
Bhambri and Kumar [7] contributed the theory of fuzzy subgroups. Fuzzy ideals of ring are first
defined by Liu. [11]. Cheng, Mordeson and Yandong [5] discussed TL-sub-rings and TL-ideals of
aring.

Near-Ring is a generalized structure of a ring. Abou-Zaid [1] introduced the notion of fuzzy R-
subgroups and fuzzy ideals of near-rings. Dutta and Biswas [8] also introduced fuzzy ideals and

fuzzy cosets of fuzzy ideals of near-rings.

As in ring theory it is interesting to fuzzify some substructures of near-ring. Hence our aim in this
paper is to study TL-subnear-rings and TL-ideals of near-rings.
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The organization of this paper is as follows: In section 2, some preliminary definitions are given.
In section 3, T-sum, T-difference and T-product of L-subsets of a near-ring are defined. Also TL-
subgroup, TL- subnear-ring and TL-ideals of a near-ring are defined and their properties are
studied. In section 4, the properties of homomorphism of TL-ideals of a near-ring are studied.
Section 5 concludes the paper.

2. PRELIMINARIES:

We recall some definitions for the sake of completeness:

Definition (2.1) [10,12]:By a near-ring we mean a non-empty set R with two binary operations
‘+’ and ‘-’ satisfying the following axioms:

(1) (R, +) is a group,
(i1) (R, -) is a semi-group,
(i) x- (y+z)=xy+xz forall x,y,ze R.

Precisely speaking, it is a left near-ring because it satisfies the left distributive law. We will use
the word “near-ring” instead of “left near-ring”. We denote xy instead of x- y. Note that x0 = 0
and x (-y) = -xy, but 0x # 0 for x,yeR.

Definition (2.2): A binary operation T on a lattice L is called a t-norm if it satisfies the following
conditions:

1) T(T (a,b),c)=T (a, T (b, ¢)),
(1) T (a,b) =T (b, a),

(iii)) b<c = T(a,b) <T(a,c),

@(iv) T (a,1)=a foralla,b, ceL.

Definition (2.3) [1, 8]: An ideal I of a near-ring R is a subset of R such that
(1) (I, +) is a normal subgroup of (R, +),
(i) RIc1,
(iii) (r+1) s-rs € Iforallie Iand r, se R.

Note that if I satisfies (i) and (ii) then it is called a left ideal of R.

If I satisfies (i) and (iii) then it is called a right ideal of R.

3.TL-IDEALS OF NEAR-RINGS:

Cheng, Mordeson and Yandong [5] have discussed about the operations known as T-sum, T-
difference and T- product of L-subsets of a ring. Now we shall define various operations on L-
subsets of a near-ring R.

Let R be a near-ring and L be a complete lattice.
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Definition (3.1): A function u: R — L is called an L-subset of R.

The set of all L-subsets of R is called the L-power set of R and is denoted by L.
Definition (3.2): Let p, y e L?and T be a t-norm on L.Then

@ (n+ry) ) = V{pyTv(2) |y, zeR, y+z =x}.
@i1) (-p) (x) = (W) (- x).

(1) (p-17v) (x) = V{pn (y) TY2)y, zeR, y-z =x}.
1v) (wry) x) = V{pyT ¥(z) y,zeR, y.z = x},where x is any element of R.

Remarks (3.3): (i) py+ 17, u- vy and p 7y are called T-sum, T-difference and T- product of p and y
respectively. —  is called the negative of L.

(ii) If T= A then p+r7, p-r7y and p 7y are known as the sum , difference and product of p and 'y
respectively and are denoted by p+ 7, p-7y and p 'y respectively.

(i) p+7y="y+rpand p-y=p+r(y) forall y, ye L.
As an elementary result we prove:
Theorem (3. 4): Let 1, 7,6 LX Then p (y+&€) <py+pé.

m Definition (3.5): For u, ye L® define

(L OV = V{’i-‘(H(Yi)TY(Zi))l}’i,ZiGR, I<i<n,ne N, Zn: yizi=x},xeR.

i=1 i=1

In general we have:

Theorem (3.6): Let p,7,ée LY. Then (i) pry<p © 1y (i) Y<E = por1< @ & m

Definition (3.7): An L-subset p of a near-ring R is called a TL-subgroup of R if it satisfies the
following conditions for all x,yeR:

Hp@=1,
(i) p(x) = p(x),
(i) p (x4y) > ux) T p(y).

Now we shall define TL- subnear-ring and TL-ideal of a near-ring R as follows:

Definition (3.8): An L-subset p of a near-ring R is called a TL- subnear-ring of R if it satisfies the
following conditions:

OHpO©=1,

(i) p(-x) = p(x),

(i) p(x+y ) 2 p(x) T u(y),
iv)pu(xy)>w(x)Tu(y)forall x,y € R.
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Remarks (3.9): (i) When T= A, a TL-subnear-ring is called L-subnear-ring.

(i1)The set of all TL- subnear-rings of R and set of all L- subnear-rings of R are denoted by TL(R)
and L(R) respectively.

(iii) If L = [0, 1], TL- subnear-ring and L- subnear-ring of R are known as T-fuzzy subnear-ring
and fuzzy subnear-ring of R respectively.

Definition (3.10): An L-subset p of a near-ring R is called a TL-ideal of R if

HpCo)=1,

() p(-x )=p(x),

) p(x+y)=pu(x)Tu(y),

Av) p(y+x-y) =2 p(x) ,

M p(xy)zu(y),

(vi) p ((x+H)y -xy) > (i) for all x,y,i € R.

Remarks (3.11):(1) If p satisfies (i),(ii),(iii),(iv)and (v) then it is TL-left ideal of R
(2) If p satisfies (1),(ii),(ii1),(iv) and (vi) then it is called TL-right ideal of R.

(3) When T= A,a TL-left ideal and TL-right ideal are known as L-left ideal and L-right ideal
respectively.

(4)The set of all TL- left ideals and TL-right ideals of R are denoted by TLI|(R) and TLI, (R)
respectively.The set of all L- left ideals and L-right ideals of R are denoted by LI, (R) and LI, (R)
respectively.

(5) When L = [0, 1], TL-left ideals and TL-right ideals are known as T-fuzzy left ideals and T-

fuzzy right ideals of R respectively and when T= A, they are known as fuzzy left ideals and fuzzy
right ideals of R respectively.

Example (3.12): Let R ={a,b,c,d } be a non-empty set with two binary operations ‘+” and ‘-’
defined as follows:

+ a b c d a b c d
a a c d a |a a a a
b b a d c b |a a a a
c c d b a c |a a a a
d d c a b d |a a b b

Then (R, +, -) is a near-ring.

Define a fuzzy set i): R >Lbyp(c)=p@d<pd)<p@=1.
Now define a binary operation T on L by

T(x, y) = max (x+y-1, 0) for all x, yeR.
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Then T is a t-norm on L and p defined above is a TL-ideal of R.

From the definition immediately we can obtain the following theorem:
Theorem (3.13): Every TL-ideal of a near-ring R is a TL-subnear-ring of R.
Remark (3.14): The converse of the above theorem is not true.

For this consider the following example:

Example (3.15):LetR={a,b,c,d} be a non-empty set with two binary operations ‘+’
and ‘- defined as follows :

+ a b c d a b c d
a a c d a |a a a a
b b a d c b |a a a a
c c d b a c |a a a a
d d c a b d |a b c d

Then (R, +, ) is a near-ring.
Define a fuzzy set ;: R—>Lbyp(c)=p(d)<pb)<p(a)=1.
Define a binary operation T on L by T(X, y) = max (x+y-1, 0) for all x, yeR.

Then T is a t-norm on L and p defined above is a TL- subnear-ring of R but not a TL-ideal of a
near-ring R as p ((c+b)d —cd ) =pu (d) < p (b).

Now we prove various properties of TL-ideals and TL-subnear-rings of a near-ring R. At the
outset we characterize TL-subnear-ring as:

Theorem (3.16): Let ue LX. Then p is a TL- subnear-ring of R if and only if

(D@ =1,
2)px-y)zpx) T wy),
G)pxy)zux) Ty ) forall x,y € R.

Theorem (3.17): Let p be a TL-ideal of a near-ring R. Then p (x -y) = p (0) implies p(x) = pu(y)
for all x, yeR.

In the following theorem we give a necessary and sufficient condition

for p e L to be fuzzy ideal of R:
15
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Theorem (3.18): Let L be a chain and pe L® .Then a necessary and sufficient condition for p €
LI, (R) (resp. pe LI, (R)) is that every u, (aeL) is a right (resp.left) ideal of R.

Proof: Part (I): Let ue LI, (R).

Let x,ye p,.Clearly p,is a non-empty subset of R.

Then p (x-y) = p (x+ (-y)) Z p (X)Ap (y) =a.

Therefore x-ye u, for all x, ye u,.

Again as pe LI, (R), p (x) = u(y+x-y) for all x, y € R.
Now xe u, = p(x) = a=p (y+x-y) > a = y+x-y € U,
Therefore y+x-y € u,for all xe p, andy € R.

Hence (u,, +) is a normal subgroup of (R, +).

Again since pe LI, (R), p(( x+i)y -xy) > n( 1) for all x,y,i e R.
Letie p, Then p(i)>a.

Therefore p (( x+H)y -xy) > p (i) = p (( x+H)y -xy) > a.
Thus (x+i) y -xye y,for all ie p, and x, y € R.

Hence y,(acL) is a right ideal of R.

Conversely let u, (ac L) be a right ideal of R.

If possible suppose that peg LI, (R).

When p does not satisfy the condition p (0) = 1, then p (0) < 1, which implies that Ry is not a
subgroup of R, which is a contradiction.

Again when p does not satisfy the condition p (-x ) > p( x ) for all xeR.
Then there exists xe R such that p (-x) # wx).

Take p(x)=a.

Then xe p, but -x &y, ,which is a contradiction.

Further when p does not satisfy the condition pu(x+y) > u(x) A w(y) for all x, yeR.

Then there exist x, ye R such that u(x+y) 2 wx) A W(y) .
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Take pu(x) A wW(y) = a.

Then x,ye p,, but x+y ¢ u, which implies that p, is not a subgroup of (R,+) and hence a
contradiction.

Next when p does not satisfy the condition pu(y+x-y) >u(x).

Then there exist x,ye R such that u(y+x-y) # p(x).Take p( x ) = a.
Then xe y, but y+x-y & u,, which is a contradiction.

When p does not satisfy the condition p (( X+i1)y-xy) >p(i).

Then there exist x,ye R such that p (( x+i)y-xy) # p(@).

Take pu(i)=a.

Then ie y, but ( x+1)y-Xy € U, ,which is a contradiction.

Hence pis a L- right ideal of R.i.e. p € LI, (R).

Part (II): Similarly pe LI, (R) if and only if p,(acL) is a left ideal of R.

A necessary condition for p € L® to be fuzzy ideal of R when L is a chain is mentioned in the
following theorem:

Theorem (3.19): Let pe L® and L be a chain. Then a necessary condition for
pe LI (R)(resp.pe LI(R)) is that p, (ac L\{1}) is a right(resp.left) ideal of R

Proof: Let pe L® and L be a chain.
Part (I): Suppose pe LI (R) and choose a e L\ {1}.
To prove that p, is a right ideal of R.

(1) p (0) =1 implies that O .

(i) Letx € pp. Thenp(x)>a andas p(-x)>p(x),u(-x)>a.
Hence - x € ypy .

(iili)Again let X,y € Wy -

Then p (x+y ) > Ww(x) A p(y) > a,which implies that x+y € py.
(iv) Letx € Uy

Then p( y+x-y ) > (X ) = y+x-y € pyforall x € pp, and yeR.

(v) Letie pp, and x, yeR.

Then p ((x+1)y -xy) = p ()= p((x+)y-xy)>a

Therefore (x+i)y-xye pp, for all i € p, and x, yeR. yeR.
17
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Hence p, is a right ideal of R.

Part (II): Suppose pe LI, (R) and choose a e L\{1}.

To prove that p, is a left ideal of R.

As in part (I), (u,+) is a normal subgroup of (R,+).

Let ye R pp,;.Then ye Ry, implies y =r x where reR and xe p .

Again since pe LI, (R), p (rx) = u(x) for re R and xe p, .
Thus w(y) = p (rx) > w(x) implies p(y) = u(rx) > a.

Therefore ye n,; and hence Rpp; S -
Thus pp, (a€L) is a left ideal of R.

A sufficient condition for p € L® to be fuzzy ideal of R when L is dense is proved in the following
theorem:

Theorem (3.20): Let pe L® and L be dense. Then a sufficient condition for
pe LI, (R) (resp. pe LI, (R)) is that pj,; (ac L\{1}) is a right (resp.left) ideal of R.

Proof: Let ue L* and L be dense.

Part (I): Suppose that every p,; (ac L\{1}) is a right ideal of R.

(1) Since O ppy , u(0) >a for all ac L\{1}.Therefore p (0)=1.

(i) Nextletx € g p.Thenx € P = -X € Uy = n(-x) >aforall acL\{1}.

Taking p (x) =a we get 1 (- x) > p (x) for all x eR.
(iii) Now suppose X, Yy € H [q]-

Let p (x) A p(y)>a. Then p(x) = p(X) A p(y)= X € U [q.
Similarly y € [ (4.

Hence x+y € {1 [ and so p ( x+y ) > a.
Leta=p(x) Ap(y).

Ifa=0thenp (X +y)>0=p X)AL(Y).

If a >0 then for any be L,b< a we observe that u 1, is a right ideal of R and
X,y € U pjimplies that x+y € p 5 .i.e. p( x+y ) > b.

Therefore pu ( x+y ) > V{blbe L, b < a}.
18
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Since L is dense,V {blbe L,b<a} =a.

Therefore p (x+y) >a=p (xX) A p(y).

(iv) Now let x,y eR and p (x) = a.

Let a>0. Then for any be L,b < a we observe that (1, +) is @a normal subgroup of (R,+) and x €
U 7. implies p ( y+x-y )>b.

Thus p (y+x-y) > V{blbe L, b< a}.Since L is dense,V {blbe L,b<a} =a.

Hence p (y+x-y) > p (x) for all x,y eR.

(v) Finally, let ie u [,jand x,yeR.

If a =0 then clearly p ((x+i) y-xy) > p (i).

If a> 0 then for any be L, b < a we observe that p [ is a right ideal of R and
X € U b implies that p ((x+i)y-xy) > b.

Hence p ((x+1)y-xy) >V {blbe L, b < a}.

Since L is a dense, V {bl be L, b < a}= a. Therefore p ((x+i)y-xy) > a = p (i).
Hence p ((x+i)y-xy) > p (i) for all x,y,i €R.
Thus pe LI, (R).
Part (II): Similarly if p,;(ac L\{1}) is a left ideal of R then pe LI (R).

For pe TLIr (R), Rp is always right ideal of R, is proved in the following theorem:
Theorem (3.21): Let pe TLIr (R) (resp. pe TLI(R)).Then Ry is a right (resp.left) ideal of R.
When T is regular, Supp (p) is always an ideal of R is proved below:

Theorem (3.22): Let pe TLI, (R) (resp. ue TLI, (R)). Then Supp (p) is a right (resp.left) ideal of
R when T is regular.

How to obtain a complete lattice from the set of TL-ideals of a near-ring is
established in the following theorem:

Theorem (3.23): The set TLI, (R) (resp.TLI, (R)) equipped with L-subset inclusion ‘<’

constitutes a complete lattice with L- subset intersection as its meet. Its maximal and minimal
elements are 1g and 1o, respectively.
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Further it is closed under L- subset T-intersection.

Proof: Part (I): Let pn, € TLI, (R), Ae A where A is any non empty index set.

Then we observe the following points.

(1) px (0) = 1 for all e A.Therefore A{ p; (0)lAe A}=1.

(i1) Since py (-x) > py (x ) for all x €R and for all Ae A.

Therefore A{ puy (-x)IA e A}I>A{ py X)L e}, forallx eR

(iii) As Py (x+y) >y (xX) T py, (y), for all x, y eR and for all A € A.

Therefore A {p; (x+y)lke A}=(A{pny (x) ke APDT(A{py (y)lhe A}),for all x,yeR.
(iv) Also py, (y+x-y) > p, (x) for all X, yeR and for all A € A.

Therefore A{ py (y+x-y)lAe A} = A{ py X)I A € Alforall x,y eR.

(v) Again p, (( x+a)y -xy) > pn(a),for all x,y,a€ Rand forall A € A.

Therefore A{ py (x+a)y-xy)lAe A} > A{ n, (@)l ke a})forall x,y,ae R.

Hence A{p; | A e a}e TLI, (R).

AsTLI, (R) c LR and LRis a complete lattice with L-subset inclusion relation <.

Therefore TLI, (R) is a complete lattice with L- subset inclusion relation <.

Let u,ye TLI, (R).Then for all x, y, acR.

(TY)(0) = p (0) T ¥(0) =1T1=1.

Clearly (uTy)(-x) > u(x)Ty(x) =(uTy)(x) for all xeR.

(UTYAY) = nx+HY) TYRAY)Z(PCOT p(y)) T TY(y)= (O TYCO) T()TY (%))
= (WTN)TETY)(Y).

Thus (uTY) (x+y) = (uTy) (x) T (uTy) (y) for all x, y €R.

Now (uTY)(y+x-y) = p(y+x-y) T y( y+x-y)= p(x)T y(x) = (uTy) (x) for all x,yeR.

Thus (uTY)(y+x-y) > (uTy) (x) for all x,yeR.

Again (UTy) ((x+a) y-xy) = p ((x+a) y-xy) T ¥((x+2) y-xy)= w(@)Ty (a) = (LTY)(a).

Therefore (LTy)((x+a) y-xy) = (uT7) (a) for all x,y,aeR.

Hence pTye TLI (R) and TLI (R) is closed under L- subset T-intersection.
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Finally 1g, 1;0,€ TLI(R) and 1;0,(x)< p(x) < 1g(x) for all xeR

Hence 1R, 10y are the maximal and minimal elements of TLI (R) respectively.
Part (II): Let p,eTLI|(R), Ae A where A is any non empty index set.

Then A{ p; (x)IAe A} is normal TL- subgroup of (R,+).

Since 1, (xy) >, (y) for all x,yeR and for all Ae A.

Therefore {p, (xy)lAe A} > A{ur (WIh e} forall x,y € R.

Hence A{p; 1A e A}eTLI (R).
As TLI, (R) c L and L*is a complete lattice with L-subset inclusion relation <.
Therefore TLI, (R) is a complete lattice with L- subset inclusion relation <.

Let n,ye TLI, (R).Then for all x, y €R,

(MTY(xy) = p (xy)T v (xy) = w(y)Ty (y) = (WTY)(y) for all X, y €R.

Hence pTye TLI(R) and TLI, (R) is closed under L- subset T-intersection.

Clearly 1g, 10, TLI(R) and 1;5;(x) < n(x) < 1xr(x) for all xeR.

Hence 1g, 1o, are the maximal and minimal elements of TLI, (R) respectively.
Now we prove a property of the directed family {; lie I} of TL-ideals of R:

Theorem (3.24): Let {p; | ie I} be a directed family of TL-right (resp.TL-left) ideals of R where I
is an index set.

Then v{ pn;liel } € TLI(R) (resp. v{ u;liel }e TLI (R).

If R is a zero symmetric near-ring with unity then from the given L-subset p of R we can
obtain a TL-right ideal of R generated by p:

Theorem (3.25): Let R be a zero symmetric near-ring with unity. Let pe L*. Define
y(x)=1 if x=0,

=v { T ) I AcR,1<IAl <o, x € (A), }, for x£0.

yeA
Then < W r=17.
Proof: By definition of y we observe that
@ y0) =1.
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By taking A= {x} we get w(x) < y(x) for all x.Therefore n <1vy.
Ay Ex)=v{T ny) AR, I<lAl<o,-x € <A>, }.

yeA

>V{T my)AcCR, ISIAl< o, x€ <A>, }.

yeA
=y ()

Thus v (- x) >y (x) for all x eR.

(iii) Now we prove that y (x+y) > v (x )T y (y).for all x,yeR.

For this consider the following cases:

Case (1): If x=0,y=0.

Then in this case x+y=0 and therefore we get vy (x+y) =1,

Hence vy (x+y) 2y (x )T y (y).

Case (2): If x=0,y#0.

Then in this case x+y=y and therefore we get y (x+y) > 1Ty (y) =v (y)
Case (3) If x#0,y=0.

The proof is as case (2) and we get y (x+y) >y (X )T y (y).

Case (4) : If x£0, y#0.Then x+y #0.

Letx e <A> nYE€E <B> » where A, B are subsets of R, 1< |Al <00, 1< |BI < o0,
Then x € <A> LY E <B> ., implies that x+y € <A U B> .

yx+y)= T w@.

ze AUB

>(v{ T p)l ACR,1<IAlkox € (A) ) T (v{ T w(v)IBCR,1<Bl<eo,ye 1 (B) }).

ueA veB
=7y () Ty ().
Hence in all the cases we get y (x+y) > 7 (x) T y (y) for all x, yeR.
@iv) vy (y+x-y) = v{ T wz)  AuUB cR,1< |AUBI< o0,y+ x-y € (AUB),},

ze AUB

Z(vV{T r@IACR, 11 Al<o, x € <A )=y (%).

zeA

Hence v (y+x-y) > v (x) for all x, yeR.
(v) Next let x, y €R and i€ <B> . Then (x+i) y —xy € <B> .
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¥ (x+)y—=xy) = v{ T W@)IBCR,I<Bl<w, (x+)y -xy e (B). }.

zeB

>{ T u@!BcR,1<Bk », ic (B), }=7 ().

zeB
Thus y (( x+1)y—xy) >y () for all x,y,i eR.
Hence ye TLIr (R) and p<v.
Let &e TLIr (R) and u <&,
First we prove that y < &.
If x=0, then §(x) = y(x) = 1.
Let us consider x # 0.

Let A= {a; a, ___ a,} < R and xeR. Therefore

x=Y [ (Xi+a; ) yi—X;yi] forsome x; X, . Xn Y1 Y2, e y.€R.
Since &e TLIr (R) , we can write

Ex)=&( Xl (xi+a)yi-xiyil ) =2T{ E[ (xi+a ) yi—xiyi] }= T &@).
Therefore £(x) =v { T &) | ACR,I<lAkk»,x € (A),}.

zeA

As p<g, we get

§0=v{ T &2 IAcRI<IAo,xe (A),}.

zeA

E§0=v{ T r@IACRISIAI<o,xe (A), ) =7 X).

zeA
Thus y (x) < §(x) for all x eR
Hence y < £ and therefore y = <> ;1.
Similarly we can obtain the following theorem:
Theorem (3.26): Let R be a zero symmetric near-ring with unity. Let pe L*. Define
y(x)=1 if x=0,

=v {T w(y) | ye A,ACR,1<lAlo, x € (A), }, forall xeR.
Then < W>r=Y.

Following theorem is an easy consequence of the above theorem.
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Theorem (3.27): Let R be a zero symmetric abelian near-ring with multiplicative identity
element. Let p, y € L®.

() If b, ¥ € TL(R), then p+1ye TL (R).
(2)If p € TLI,(R) and ye TL (R), then p+1ve TL (R).

Proof: (1) Let u, y € TLIr (R).
Clearly p and y are TL-subgroups of R.

Therefore 1(py < p. and 1) <.
From the definition of p+ 1y we have u, y < p+rY.
Now we shall prove that p+ 1y is a TL-subgroup of (R, +) containing L v .

(i) (et 11)(0) = V{WT y((v) | w,ve Ru+v = 0} = v{R(O)T y((0) 1 0+0 = 0}=1.
(i) (et 1)) =V {1 () Ty(v) | (-0) +(-v) = x }.
>v{p@)T y(v) lu+v =x } = (u+ 1 7)(x) for all xeR.
Similarly if —u+v=-x or u+(-v) = x then also we get (u+1¥)(-x) >(p+rY)(X) , XeR.
(ii1) (u+rPE+yY) = Vv {p@)T y((v) lu,ve R, u+v =x +y}.
>v{ p(uy+uy) Ty((vi+va) u,up,vi,vo€e Roug+ vi=x,up+vo=y ).
= v{u(u)T p(uy) Ty(vy) Ty(vo)lug,us,vi,voe Rui+ vi=x,up+vo=y}.
= (v{p(uy) Ty(vplu,vieRu+ vi=x})
Tv{u(u) T y(vo)l uz,v2€ Rupt vo=x}).
= (u+rPE)T(u+ 7 y)(y) for all x,yeR.
(iv) (u+rY(y+x-y) = v{u(u) Ty (v)l u,ve R,u+ v=x}.
>v{uwr+t -r) Ty ((s+z-s) | (r+t —1)+(s+z-s) = y+Xx-y }
>v{p @) Ty ((2)lt, zeR, t+z =x}.
= (u+7Y)(x) for all x,yeR.
Thus (u+rY)(y+x-y) > (u+17y)(x) for all x,yeR.
(V) (p+rY(xy) = v{w(u) Ty (v)l u,ve Ru+v=xy}.
> v{uxw Ty (xv)l u,ve R,u+v=y}.
> v{ww) Ty (v)l u,veR,u+v=y}.
= (u+rY)(y) for all x,yeR.

Hence p+1ye TLL (R) and p+1Y=<p V> .

(2) Let p, y € TL(R) and x,yeR.

Then from (1) p+1ye TL(R).

(3) Similarly if p € TLI{(R) and ye TL(R) then we can prove that p+tye TL(R).

Let R be a near-ring and p € TLI, (R).
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We know that Ry is an ideal of R.

Qo X)=v{l@Apn®l z+t = x}= v{IAn®)Ix+t = x}=1.
Hence (1, +p)(x) =1 for all xeR.

Thus 1, +p is an L-subset of R.
The L-subset 1, +u for xe R is called a coset of p and is denoted by x+ L.
Thus the set of all cosets of R relative to p is defined as R/p = {x+ |1 xeR}.

Now we shall obtain the quotient near-ring ( R/p, + 1 +) and shall arrive at the conclusion that (
R/p,+ 1 +) is isomorphic to the quotient near-ring R/R p.

Theorem (3.28): Let R be an abelian near-ring and pe TLI (R). Then

(1) (R/p, + 1, +) is a near-ring isomorphic to the quotient near-ring (R/R y, + 1 +)
where the binary operations + - are defined by

(x+ W) +7(y+ W) = (x+y)+ p and (x+ p) « (y+ p) = xy+ p for all x,yeR.

(2) If an L-subset pu* of R/p is defined by p*(x+ p) = u(x),xe R then p*e TLI(R).
Proof: Let p € TLI(R).Then R/p = {x+ pn|xe R}.

1) First we shall prove that ( R/p, + 1 +) is a near-ring. Let X+ p, y+ p, z+ p € R/p.
(i)Clearly from the definitions of + 1 and -, both the operations are closed in R/p.
Also +tis associative in R/u.

Further p = 0 + pe R/p is the identity element w.r.to + .

For x+ pe R/u there exists (-x) + pe R/p such that(x+ p) + 1 ( -x+ ) = O+pe R/p.
Hence ( R/p,+1 ) is an abelian group.

(2) (x+ - ((y+ ) = (24 W) = (x4 - ((7+ W)+ (z+w) for all x,y, z €R.

(3) (x+ W= {(y+ W+1(z+ W} = {(x+ W(y+w }+ r{ x+p)-(z+w) }for all x,y,ze R.
Hence ( R/, + 1, +) is a near-ring. Similarly (R/R p,+ 1 +) is a near-ring.

(4) Now let us define a function f: R/p — R/Rp by f(x+ p) =x+ Rpforall x eR.
Then clearly f is an isomorphism.

(iv) We observe that for all x+ Rue R/R , there exists x+ pe R/u such that
f(x+ ) = x + R for all x e R. Therefore f is an onto isomorphism.

(5) An L-subset pu* of R/pis defined by pu*(x+ p) = u(x) for all xeR.
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Then obviously p* is a TL-left as well TL-right ideal of R.

4. HOMOMORPHISM OF TL-IDEALS OF NEAR-RINGS:

In the following theorem we prove that the homomorphic image of TL-ideal of R is a TL- ideal of
S:

Theorem (4.1): Let f: R — S be a homomorphism of a near-ring R onto a near-ring S, p € TLI
«(R) (resp.p e TLI(R)).Then f () € TLI(S)) (resp. pe TLI(R)).

Proof: Let f:R— S be an onto homomorphism of near-rings and x,ye S.
Part (I): Let p e TLI(R).

(i) Clearly f (W)(0')=1.
(1) f(u(-x) = V{ p(w)lwe R f(w) = -x} = V{ p(-w)l-weR, f(-w) = x}.
>V { uw)lwe R f(w) =x} = f(u)( x) for all xeS.
(i1) f(w( x-y) = V{ p(w)lwe R f(w) = x-y} > V{ p(u-v)lu,ve R f(u) = x ,f(v)=y}
>V{ u@T p (v)ho,ve R, f(u) = x f(v)=y}
= (V{ pu)lue R f(u) =x NT(V{p (V)| veR, f(v)=y}
=f (W(x)T f(w(y) for all x,yeS.
(iii) £ (1) (y+x-y) = V {u(w)iwe REW) = y+x-y)
= V{ w(v+u-v) lu,v eRf(u) =x ,f(v)=y}.
>V{ () lu eR,f(u) =x }.
Therefore f(W)( y+x-y) > V{ p(w)lueRf(u) =x }.

Hence f(p)( y+x-y) > f(w)( x) for all x,ye S.

() F((x+H)y-xy) = V { p(w)we R,f(w) = (x+i)y-xy }.
> V{ w((u+t)v-uv)lwe Rf(u) = x, f(v) =y, f(t) = i}.
> Vv{u®lteRf(t)=i} = f(wQ) for all x,y ,i €S.

Hence f(p) € TLI(S).

Part (I): Let p € TLI,(R).Then clearly
(vi) Now f (W(xy) = V{ w(w)lwe R,f(w) =xy}
> V{ n@v)lu,ve R f(u) =x, f(v) =y }
> Vv{uw)lveR, f(v) =y }> f(u)(y) for all x,yeS.

Hence from (i), (ii),(iii), (iv) and (vi); f(n) € TLI(S).

About the inverse images of TL- ideals:
26
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Theorem (4.2 ): Let f : R — S be a homomorphism of a near-ring R into a near-ring S and y
e TLI(S) (resp. Yy € TLI, (S)).Then f ' (y) € TLI, (R) (resp. f " (y) € TLI(R)).

Proof: Let f: R — S be a homomorphism of a near-ring R onto a near-ring S.
Part (I): Let ye TLI (S).

M) MO =y OO)=y(©)=1.
(i) £ (Dx) = (O(x) = WH(x)) = 7(f () = ()(x) for all x eR.
D (Px+y) = YE(x+y) = YE)+(y)) = WE))TH(E(y)).
= ()T (£ (N(y)) for all x,yeR.
(V)F " (P(y-x+y) = Y(Ey+x-y) 2 ¥ (f (x)) = £ (1)) for all x,yeR.
WF () (+D)y-xy) = ¥ ({(x+)y-xy)) = YEX)-FQ))f(y)- £(x) f(y) > ¥ (D).
=f "'y () forall x, y, ieR.

Hence f ' () € TLIL (R).
Part (II) : Let ye TLI, (S).

VvDE () (xy) =y (F (xy)) = Y(Ex) £(y)) > Y (y)) = £ (Y)(y) for all x,yeR
Hence from (i), (i1),(iii), (iv) and (vi) f 'l(y) e TLI|(R).
For pe L® and ve TL(R) , f (w) is a TL-left ideal of f (y):

Theorem (4.3):Let f :R— S be a homomorphism of a near-ring R onto a near-ring S. Let y € TL
(R) and p be a TL- left ideal of y.Then f(p) is a TL-left ideal of f ().

Proof: Part (I): Let p be a TL- right ideal of v.
Then f (p) and f (y) are TL-subgroups of (R,+).Let x,ye S.Then

f (W(y+x-y) = V{ p(w)lwe R f(w) =y+x-y}.
>V { wv+u-v)lu,ve R.f(u) = x, f(v) = y}.
=V { p (W eR,f(u) =x}=1f (W)( x) for all x, yeR.
f (W( x+H)y-xy) = V{ p(w)lwe R,f(w) =(x+1)y-xy}
> V{ w((u+t)v-uv)lu,v,t e R f((u+t)v-uv)) = (x+)y-xy }
> V{ wOT Yv) ltye R AV=i, f(y)=v)

= (V{u®) It eR f(O=1HTV{ 1(v) lyeR f(y)=v}).
=f (W@ Tt ).
Thus f (W)( (x+)y-xy) = (W(@G) T £ (y)(y), for all x,y,ieR.

Hence f (n) is a TL-right ideal of f ().

Part (II):Let p be a TL- left ideal of .

f(w(xy) = V{ w(w)lweR,f(w) =xy}.
> V{ n@v)lu,ve R,f(u) =x, f(v) = y}.

27
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> V{yWT pv)lu,ve R f(u) =x, f(v) = y}.
(V{y(lueR,f(u) =x NDT(V{nv) v eR,f(v) =y }).
f () T f (w(y) for all x,yeR.

Hence f (p) is a TL-left ideal of f (y).
If pe LR, ve TL (R) then f () is a TL-left ideal of f (y) is proved in the following theorem:

Theorem (4.4): If f : R — S is a homomorphism of a near-rings and ye TL (S).If p is a TL-right
(resp.left) ideal of y then 1(u) is a TL-right(resp.left) ideal of f ! -

Proof: Let f :R — S be a homomorphism of a near-rings.
Clearly p<y=>f T < fl(y).

As proved earlier f ! (w) and £ () are TL-subgroups of R and f Tw<rf! ).
Part (I): Let p be a TL- right ideal of y and x,ye R.

Then(i)f " (1)(0) = p (H(0) =y (0") = 1.
G (W(x) = p OE) = p ()= pE(x)=f" (W(x) for all x eR.
GiDf ! (Wx-y) = p (H(x-y) = p (£ (x-y)) = p (£ X)-f(y))
>p () Tp@E(y)=f" W) T Wy).
Therefore £ ()(x-y) > ' (W(x) Tf " (W)(y) forall x,y eR.
GV (W(y+x-y) = p Oy+x-y) = p { @)+ ©)-fy)=p ((x) = £ (W ).
Therefore f ! (W(y+x-y) > f 1 (w)( x) for all x,yeR.
W T (((x+)y-xy) = (£ )((x+)y-xy) = p(((x) + E@D)(E(y)- FE)EX)).
>p (i) =f" (Wi
Therefore f 'l(u)((x+i)y—xy) > wf@) =f 'l(u)(i) for all x,y,ieR.

Hence f () is a right ideal of £ (y).

Part (II): Let p be a TL- left ideal of y.Then

(VD (W(xy)=n (f(xy)) = pEfYN=VE X) T p (E(y)= " M) T E W y)).
Therefore f ' (w)(xy) > (" (y)(x)) T (" (w(y)) for all x,y R.

Hence from (i), (ii) (iii) (iv) and (vi) f (p) is a TL-left ideal of f ! .

Theorem (4.5): If an L-subset p* of R/p is defined by p*(x+ p) = u(x) for all xeR then
W*e TLI(R).

Proof: Let us define a function f: R/u — R/Rpby f(x+p) =x+Rp forall x eR.
We shall prove that f is an onto isomorphism.
(1) f((x+ ) + 1 (y+ W) = f((x+y)+w) = (x+y)+R p = (x+ Rp) + (y+ Rp).
= f(x+ p) +H (y+ ).
(2) f((x+ W-(y+ ) = f(xy+p) = xy+ Rpu = (x+ Rp) « (y+ R ).
= f(x+ p)£(y+ p).
28
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(3) Let f(x+ p) = f(y+ p) where x,y eR.

Then f(x+ ) =f(y+ ) > x+Rp=y+Rpy = x+p=y+ .

Hence f is an isomorphism.

(4) Clearly fis an onto isomorphism.

(5) An L-subset pu* of R/p is defined by pu*(x+ p) = u(x) for all xe R.Then
@) p*(w = p* 0+ p = w0 =1.

(i) p*(-x+ p) = u(-x)> u(x) = p*(x+ p) for all xeR.

(i) W*((x+ ) +1 (y+ p) = u*(x+y) + = p(x+y)= p(x)T p(y).

= p*(x+ wT p*(y+ ) for all x,yeR.

(Av) W ((y+ ) +1 () +1(-y+ W) = w5 ((y+ x) + p) +1(-y+ p).

=P ((y+ X) + W) +1(-y+ ).
=¥ ((y+x-y)+)=p(y+x-y)
> (x)= pn*(x+ p) for all x,yeR.

(VRF (4 w(y+ W) = p* (xy+ W) = p(xy)= p(y) = p*(y+ ) for all x,yeR.
(Vi) pF[((x+ ) +1 (at+ ) )(y+ p)- (x+ W=(y+ W]

= W [(x+a)(y+ - (x+ Wy + wl.
= P [(x+a)y+ w- (xy+p)l.

= pu*[((x+a)y — xy)+p)].

= p ((x+a)y— xy).

> u(a).

= n*(a+ p) for all x,y,aeR.

Therefore pu* is a TL- ideal of R. Hence u*e TLI(R).

5. CONCLUSION:

Near-ring theory has many applications in the study of permutation groups, block schemes and
projective geometry. Near-rings provide a non-linear analogue to the development of Linear
Algebra, combinatorial problems and useful for agricultural experiments. In this paper we have
presented the notion of TL- ideals of near-rings and derived the properties of these ideals.
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