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ABSTRACT

In this paper, a new form of fuzzy number named as Hexadecagonal Fuzzy Number is introduced as it is not
possible to restrict the membership function to any specific form. The & — cut of Hexadecagonal fuzzy

number is defined and basic arithmetic operations are performed using interval arithmetic of & — cut and
illustrated with numerical examples.
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1. INTRODUCTION

L.A.Zadeh introduced fuzzy set theory in1965 [11]. Different types of fuzzy sets are defined in
order to clear the vagueness of the existing problems. Membership function of these sets, which
have the form A: R — [0, 1] and it has a quantitative meaning and viewed as fuzzy numbers.
Hass. Michael [5], defines a fuzzy number as a quantity whose values are imprecise, rather than
exact as in the case with single-valued function. So far, fuzzy numbers like triangular fuzzy
numbers [3], trapezoidal fuzzy numbers [1], [10], hexagonal fuzzy numbers [8] are introduced
with its membership functions. These numbers have got many applications like non-linear
equations, risk analysis and reliability. Many operations were carried out using fuzzy numbers
[4]. In this paper, we propose hexadecagonal fuzzy number with its membership functions and
also we define basic arithmetic operations of hexadecagonal fuzzy number using arithmetic
interval of alpha cuts and is illustrated with numerical examples.

2. PRELIMINARIES
2.1. Fuzzy set [11] :

A fuzzy set A in X (set of real numbers) is a set of ordered pairs A
:{f_x wil(x) ) /xeX }_H-A'_ (x) is called membership function of x in .1 which maps X into [0,1].

2.2. Fuzzy Number [5] :

A fuzzy set A defined on the universal set of real numbers R, is said to be a fuzzy number it its
membership function has the following characteristics :
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(i) A is convexie pz(Axy + (1 —Ax,) = min(pz(x,).pz(x,)) ¥ ¥1.%2 ER,
Ae0,1]
(i) A is normal i.e.,3 xy € R such that pz(x,) = 1

(iii) jtz is piecewise continuous.
2.3. Triangular Fuzzy Number [ 3] :

A fuzzy number A= (a,b,c) is said to be a triangular fuzzy number if its membership function is
given by,

X —a
fora=x=b
b—a
1 = c— X
uz(x) ferb=x<c
c b
0 otherwise

2.4. Trapezoidal Fuzzy Number [1] :

A fuzzy number A = (a, b, ¢, d) is said to be a trapezoidal fuzzy number if its membership
function is given by, wherea<b <c<d

ro 0 forx<a

X —a

Juru=x=b
b—a
e —x

forc=x=d
d—rc
L 0 forx>=d

2.5. Hexagonal Fuzzy Number [8] :

A fuzzy number A= (@y,a,,a5, ay, ag, a.) is said to be hexagonal fuzzy number if its
membership function is given by

0 for x =< a4
%(T_E } for a; = x = a,
oo PR e <o
- (x) =
Hay 1 for a; = x = a,
1-— E(I z‘)fora4£x£a5
2 hag-a,
3—“5'1) <x=
E(EE_EE fora; =x = a,
L for x> a.

2.6. Ci-cut of fuzzy set :

An o — cut of fuzzy set 4 is a crisp set defined as A,={xE X /uz(x) = a}.
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2.7. Convex fuzzy set:

A fuzzy set A is a convex fuzzy set if and only if each of its &-cut 4, is a convex set.
3. HEXADECAGONAL FUZZY NUMBER

In this section a new form of fuzzy number called Hexadecagonal fuzzy number is introduced
which can be much useful in solving many decision making problems.

A fuzzy number A= (a4,a,,a5, 24, ag, ag, Ay, g, Qg, Ayg, Qqq, Bqp, Oqg, Gya, Qs Gqg )
is said to be Hexadecagonal fuzzy number if its membership function is given by

i o] x = ay
x{:x—aj} a, = r < a,
thay —ay

ky + (ky —ky) tﬁ}aa =x =dy

k,a, = x = ag
by + (kg —k3) -iHi}aE. =x =dag

& =

kja; = x = a;

. x — k'
kg + (1 — k3) ﬁ,‘
Ln () =4 1 ay = x = dg

oL — X
kg + (1—K3) (7%10_ ag_}ag Tx <ag,
kg Gig = X = @y

. @y, — X
ko + (k —k;j-—l‘—}a.éxiiao
s Mgy — agqd 1

d, = X = dg

kaay, = x = aqg
Lo o (ko — Ry [ Fae = X
ey + (kg 1) {\a14— G1g @13
ky ajs=x Zayg

o — x
By (2e—")a,; < x = a,.
i\ — g,/ P1s 15
w ] dyy = X

= x

Iy

Lia

Where 0<< ky << ky << kg << 1.

Ki+

ai a as a4 as a as ag a arp an arz ap a4 apy  ais

3.1 Graphical representation of Hexadecagonal fuzzy number
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3.2. Definition:

The parametric form of Hexadecagonal fuzzy number is defined as

JLT = (_fl[:pjr 31[:Q'jrh1[:rjrl1(5jrl2 (Sjr h: [Tjrgz (erf:(pj) for P = [ﬂrkl] s qE [krk:] s
re [ky ksl & se[kg,w].  fi(p), g,(q), hy(¥),1,(5) are bounded left continuous non
decreasing functions over [0, wy] [k w,] [k, w3] [ky wy] respectively,

f:(p). g:(g).h,(r). 1,(s) are bounded left continuous non increasing functions over [0,w, ]
[k w,]  [ky,wy] [kg, wy] respectively, 0= wy =< ky, ky = wy, <k, k; = wy =< kj and
kg = wy = w.

3.3. Arithmetic Operations on Hexadecagonal Fuzzy Number (HDFN):

3.3.1. Addition of two Hexadecagonal Fuzzy Numbers:

If A:H}jz Ealr .03, Ay, Ag, Og, Ay, Og, L5, Gy, Qyq, Qyg, Gy, Gyg, Oy )
Byp= by, by by, by, b, by, by, b, o, byg, by, byg, byg, by, by, by, ) then
+ bg, a5 + by, ayq + byg, a1 + byg, a9 + by, ag5 + bz ag4 + by, agg
+ byg, aqg + byg)

Example 3.1:

If £,, =(1,23,5,6,8,9,10,11,13,15,16,17,18,19,20) and
By, =(1,345,6,7,89,11,12,13,14,15,16,17,18) then
Agn + B, =(2,5,7,10,12,15,17,19,22,25,28,30,32,34,36,38)

3.3.2. Subtraction of two Hexadecagonal Fuzzy Numbers:

If Zyn=(81,a5,85, a4, a5, ag, A7, Ag, A, Ay, Ay, Oy3, Oq3, Oy Ay, Ayg)
EH,:F (bl' by by, by, b, g, by, g, bg, bygs By4, Byg, By, by, b15,b16j then
Ayp — Byp = (ay—b.,ay— by, a3 — by, ay —by,a; — by, a;— by, a, — by, a,
— bg,ag— by, 0.5 —byg, @y — byg, 249 — By, 55 — byg,aq, — bygay;
— by, aye— by
Example 3.2:

If Z,=(1,3,7.9,12,14,16,18,20,23,25,27,29,31,33,36) and
B,.=(0,1.2,3.4,5,6,7.8,10,11,12,13,14,15,16) then
Ay — Bup =(1,2,5,6,8.9,10,11,12,13,14,15,16,17,18,20)

3.3.3. Scalar Multiplication of two Hexadecagonal Fuzzy Numbers:
If £yn= (05,805,053, Qy, a5, A, 7. Ag, A5, @40, Ay, Gq3, 013, G4, 0y5, Ayg)

Then & Ay,=
(kay, ka,, kag, kay, kag, kag, ka-, kag, kag, kayy, kayy, ka,, kagg, aqq, a5z, a4:)

20



International Journal of Fuzzy Logic Systems (IJFLS) Vol.7, No.1, January 2017

Example 3.3

If 4,,=(1,2,3,5,6,8,9,10,11,13,15,16,17,18,19,20)
2 A,5=(2,4,6,10,12,16,18,20,22,26,30,32,34,36,38,40)

3.3.4. Multiplication of two Hexadecagonal Fuzzy Numbers:

If 'guu: (ﬂlrﬂzr“ar g, g, Oy, Qg g, g, @)p, ), 07,03, 0)a,0)5, ﬂlﬁj
EHJ: (bl' bzr barb4r bs.r bsr b?, bsr b._,,, bmr bnr blzr blﬂ’bln}’ b15,b16] then
Ayp * Byp = (ay* by,a; * by, a3 * by, ay * by, ag *bg,a, * by, a, * by, a5 * by, a,
# b, tlyg * Dyg,Qqq * Byy, 890 % byg, gz # Byg, Gy * Dyy, @45 % byt
bg)
Example 3.4:

If 4,,=(0,12,3.4,5,6,7,89,10,11,12,13,14,15) and
Byp=(12,34,56,7.8.9,10,11,12,13,14,15,16) then
A,y * Bup = (0,2,6,12,20,30,42,56,72,90,110,132,156,182,210,240)

3.3.5. Equal Hexadecagonal Fuzzy Numbers :

Two Hexadecagonal Fuzzy Numbers

Ayp=(a1,0;,03, a4, 65, g, 7, Ag, Qg Qs Qyy, Aygs Byg, Bygr Oy Oyg)
Byup= (by, by, by, by, by, bg, by, bg, bg, byg, by, Byg bz, by, Byg, byg ) are equal
ie. Ayp=Bypiff a; = b; ¥V i

3.3.6. Positive Hexadecagonal Fuzzy Number:

A positive Hexadecagonal Fuzzy Number (p-HDFN) is defined as

b — AHD = (ﬂ-lyﬂ-g ylg g, Qg O, g, Qg Qg ypy Qyq, Typ, Lyge Gqa, dyg, ﬂ-lgj where
a;, = 0ViL

Example 3.5:

p- r’-IHD: (1,2,3,5,6,8,9,10,11,13,15,16,17,18,19,20)

3.3.7. Negative Hexadecagonal Fuzzy Number:

A negative Hexadecagonal Fuzzy Number (n-HDFN) is defined as

n — Ayp= (ay,a5,a3, 24, G, @, Ay, Gg, Ag, A1, Ay, 17, Ay Gygs Ay, Gy ) Where
a; < 0Vi

Example 3.6:

n — A,=(-20,-19,-18,-17,-16,-15,-13,-11,-10,-9,-8,-6,-5,-3,-2,-1)
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4. ALPHA CUT
4.1 Definition:
For o £ [l:l,l: , the &@ — cut of Hexadecagonal fuzzy number ,

Ayp=(ay,a;,03,a4, 65, a;, A7, Ag, Ag, Qqp, Ayq, A13, 13, Agy, Ay, Ay ) IS
defined as [Ayp], =

[a, + £ (e —ay),  aye— (g — ase) | fora € [0,k]

A (%) o —a), ﬂi; B (%) . ] for & € [ky,k,]
ac + (£22) (as — @), ap — (£52) (a — axy) | for @ € ey k]
@ +(552) (@0 — @), i — (557) (auc— a5 | fora & [k, 1]

4.2 Operations of hexadecagonal fuzzy numbers using °<- Cut:
The @ - Cut of hexadecagonal fuzzy number

AHD = (ﬂ-l) o, llg,y, Gg, Qg, oy Qg Qgy gy Qyq, Cqp,tyg, Gqa, Tyg, ﬂ’lﬁj for all ®& [0,1]

when L’.1=§, L’.::%,ks =% is given by
[Auple =
[a, +4 < (a;, —ay),a., — 4 < (ay, —ayg)] for ®e[0.0.25]
[a; + (4 « —1)(ay, —ay), a;,—(4x—1)(a,, —a;3)] for x€ [0.25.0.5]
[as + (4 0c —2)(ny,—ag), Ay, — (4o —2)(ay, —ay,)] for «e [0.5,0.75]

[a- + (4« —3)(a. —a,), an—(40c—3)(a, —as)]  for oce [0.75,1]
4.2.1. Addition:

Let Ayp= (ay,a;,a3, ay as, ag, a;, ag, g, Gy, Qyy, Gyy, Gy, Oy Gy5, Qg )

Brup= (b1, b3, by, by, b, bg, by, b, bg, byg. by, byg, byg, byy, bys,byg)
be two hexadecagonal fuzzy numbers . Let us add the alpha cuts of [A,,], and [B,], of 4.,
and B using interval arithmetic.

[A_'HD]E + [EHD]EC =

( [[al +4 o (a, —ay) a5 — 4o (a5 — )] +
[by +4 o< (by — by), by — 4 o< (by, — byg)]
[[ﬂa + (4w —1)(a, —az), a;y— (4w —-1)(a;, —a3)] +
[ba + (4 S _1j (b4 - bajr b14 - (4 o _1j (bm - blﬂj]
[a: + (4 x—2)(a, — a.), ay. — (40 —2)a,.—aqy )]+
[ [b; + (4« —2)(b; — bg), byy — (40 —2)(byy — byy)]
[[rx.,, + (40 —=3)(a; —a,), ajg— (4 —3)(a,; —as)] +
\ [b + (4 0c —3)(by — k), byy— (4« —=3)(byy — by)]

]fﬂr oE [0,0.25]

] for o€ [0.25,0.5]

.

] for x€ 0.5,0.75]

]fo:r' cce [0.75,1]
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Example 4.1:

If F?m-_, =(1,2,3,5,6,8,9,10,11,13,15,16,17,18,19,20) and
EHJ= (1,3,45,6,7,8,9,11,12,13,14,15,16,17,18)
For o€ [0,0.25] [A,,]. =[1+40,20—-40] [Bypl,=[1+8x,13— 4]
[4sn]a + [Bunl. =[2+ 12,38 -8 x]
When 0= 0 [Ayp]y + [Byplo=[2.38]
When oc= 0.25 [Ayplazs + [Bunlass= [5.36]
For =€ [0.25,0.5] [Aypl, —[1+8x,19—4«] [Fypl, — [3+4 «,17 — 4 «]
[4sp]a + [Bupl. =[4+ 12 ¢,36 — 8 x]
When oc= 0.25 [4 HD]D.ZE +[ HD]I} 25~ =[7.34]
When oc= 0.5 [Ayp]ps + [ HD]D.:_[]"] 32]
For & [0.5,0.75] [dypl,. =[2+8018 —4 ] [Bypl, =[4+4 o,16 — 4]
[A5p]a | [Bupl, =[6+ 120,34 —8 ]
When oc= 0.5 [Ayplos + [Buplos=[12,30]
When oc= 0.75 [4 qu-la?g +1 qu-la?g [15r28:|
For € [0.75,1] [A,,]. =[6+ 40,19 -8 o] [Byyl, =[5+4 oc,15— 4]
[Aup]l. + [Bupl, =[114+8 x,34 — 12 ]
When o= 0.5 [Ayplozs + [Buplors=[17.25]
When oc= 1 [Ayp], + [Bypl=[19,22]
Hence A, + B, =(2,5,7,10,12,15,17,19,22,25,28,30,32,34,36,38)

4.2.2. Subtraction:

Let Ayp= (‘11! g lg, Gy g, g, gy Qg gy Qg By, Dy Bygs Cyae By alsj
Byp= (by, by, by, by, b, by, by, by, bg, byg, byy, byy, by, byy, byg,byg)

be two hexadecagonal fuzzy numbers . Let us subtract the alpha cuts of [4,,], and [R,,], of
Ay and By, using interval arithmetic.

[A_'HD]E - [EHD]EC =

( [[ﬂl T4 (2; —ay),ayg — 4 (45 — ay5)] =
[b:[ +4 (bz - blj, bls —4x I:'E:‘lﬁ. - 1}15j:|

[[rxs +(doc—1)(n, —ag), ays— (4o 1)y, —ay5)]—
[ba + (4 S _1j (b4 - bajr b14 - (4 oo _1j (bm - blﬂj]

[[ﬂs + (4 c—2)(a, —ag), a;; — (4 x-2)(ay,—a,)] —
[by + (4 «« —2)(b; — bg), byy — (4 < =2)(byy — byy)]

[[aq + (40 —3)(a; —a,), a;g— (4 x—3)(a;; —as)] —

\ [b; + (40c =3)(by — by), byy— (4« —3)(byy — by)]

]fﬂr oE [0,0.25]

] for ®& [0.25,05]

.

] Feor o& [0.5,0.75]

]for e [0.75,1]

Example 4.2

If "I—THD: (1’3’7’9’12’ 14’16’18’20,23,25,27,29,31,33,36) and
B,p=(0,12,3.4,5,6.7,8,10,11,12,13,14,15,16)
For o€ [0,0.25] [A,,], =[1+4 80,36 —12 ] [Byp], = [40c,16 - 4 ]

l45p) e — |Buple =[1+ 40,20 — 8 «]
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When o= 0 [Ayp], — [EHD]DZ[]"EG]

When o= 0.25 [Ayplo2s — [Baploas=1218]

For & [0.25,0.5] [dyp],. =[5+80,33 -8 ] [Bypl, =[1+4 o,15— 4]
[ qu-lg [ HII-ln: [4+4K118_4K]

When oc= 0.25 [Agplaas — [EHD]DJE:[S’]'?]

When oc= 0.5 [Ayplas — [E;.rn]n.;:[ﬁrlﬁ:

For o [0.5,0.75] [Aypl, = [B+80,31—8o] [Bypl, =[2+4 o,14 — 4 o(]
[4sp]e — [Bupl. =[6+ 4,17 — 4 «]

When oc= 0.5 [Ayplas — [EHn]n.;z[Srlf‘:

When oc= 0.75 [Aypla7s — [Bypl u.?sz[gil{l

For o€ [0.75,1] [4,,], =[10+8¢c32— 120 [By,], =[3+4 o,16 —8 ]
[Auple — [Buple —[7 + 402,16 — 4 ]

When oc= 0.75 [Agplazs — [Bunl [5.?5:[1']113]

When oc= 1 [4,,], — [B,p],=[11.12]

Hence }THD — EHD =(1,2,5,6,8,9,10,11,12,13,14,15,16,17,18,20)

4.2.3. Scalar Multiplication:
Let Ayp=(ay,a;,a5, @y ag, Gy, Ay, Qg, Ag, Ay, Qqq, Gy, Qqg, Gpg, Oyg, Gy )

be a hexadecagonal fuzzy number. Let us find the scalar multiplication of alpha cuts [A,,], of
Ayp using interval arithmetic.

k [}THD:_ln:
ka, +4k o (2, — ay), kay, — 4k o (a; — as-)] for o€ [0,0.25]
[ka; + k(4 < —1)(a,— a;), kay, — k(40 —1)(ay, —a;3)] for o= [0.250.5]
) [Rag | k(4o 2)(ay ag), kay, k(4o 2)(a;,  aqq)] for ocC [0.5,0.75]

[ka, + k(4o —3Wa.— a.), ka,— k(400 —3)a,,— aq)] for e [0.75,1]
Example 4.3:

If £ =(1,2,3,5,6,8,9,10,11,13,15,16,17,18,19,20)

For € [0,0.25] [Ay,], =[1+4x,20-4«] 2[4,,], =[2+ 80 ,40-8c]

2 [Agply = [240] 2 [Agploas = [438] _

For o€ [0.25,05] [d,,], =[1+8x,19—40o] 2[4d,,],=[2+160,38—8 ]
2[Aunlaq: = 16,361 2[4, = [10,34] )

For o€ [0.5,0.75] [A ], =[2+80c,18— 4] 2 [A,,], =[4+ 16 o< ,36 — 8
2 [Aunlas = [12,32] 2 [Ayplass = [16,30]

For o<t [0?5 1] [Aypl. [E:+4DC,19—BDC] 2 [Agple =[12+8 o 38 — 16 «]

Hence 2 A,,,= (2,4,6,10,12,16,18,20,22,26,30,32,34,36,38,40)

4.2.4. Multiplication:

Let J‘l;.rn (ay.a;,a;, @y as, ag, @y, Gg, @s, Qyg, @1y, Ayys ez, Grgs Bys, Byg)

Byup= (b1, b3, by, by, bg, b, by, bg, bo, by by, Byyy byg By, byg,by )
be two hexadecagonal fuzzy numbers. Let us multiply the alpha cuts of [A,], and [B,,], of
A, and B, using interval arithmetic.
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[Aspla * [Bunl. =

( [[al +4 o (a; —ay)a, — 4o (@ —ag5)]*
[by +4 o< (by — by), byg — 4 o€ (by — by5)]
[[ﬂa + (4o —1)(a, —ag). a;s— (40 —1)(ay, — as5]]
[b; + (4 0c —1)(b, —b;), b, —(40oc—1)(b, — b, )]
[[ﬂs + (¢ =2)(ay, — ag), a;; — (4 —-2)(a;;—ayy)] =
[bs+ (4 00 —2) (b — bg), byy — (40x —2)(by, — byy ]
[[aq + (40 —3)(a; —a,), ajg— (4 c—3)(a;; —ag)] =
\ L [by+ (400 —3)(by — by), byg— (40 —3)(byy — by)]

]fﬂr ocE [0,0.25]

x] for o€ [0.25,05]

.

] for x& [0.5,0.75]

]fﬂr e [0.75,1]

Example 4.4:

If 4,,=(0,1,2,3,4,56,7,8,9,10,11,12,13,14,15) and
Byp=(1.234,56,7.8.9.10,11,12,13,14,15,16)

For o€ [0,0.25] [A,,], =[4015 —4«] [Byrl, =[1+4 «,16 — 4 ]

[Ayp], * [Bunl. = [4a(1l + 4a), (15 — 4a) (16 — a)] When

=0 [dyplo * [Buplo=[0.240] When

o= 0.25 [Agplozs * [EHD]}.zaz[zrz 10]

For & [0.25,05] [dyp], =[1+4014—4x] [Bypl, =[2+4 o,15— 4]

[Asnls * [Bunl, =[(1+4 <) (2+ 4 00), (14 — 4 ) (15 — 4 o< ]

When oc= 0.25 [Ayplaas * [Buploos=[6,182]

When oc= 0.5 [A,p]os * [Buplos=[12,156]

For cc€ [0.5,0.75] [Ag;], —[2+ 4013 — 4 ec] [Bypl, — [3+ 4 0,14 — 4]

[Aypl. * [Bupl, =[(2+4c)(3+ 4 0), (13 —4 ) [14 — 4 )]

When oc= 0.5 [A,5]05 * [Buplas=[20,132]

When = 0.75 [Ayplozs = [Byploss=[30,110]

For & [0.75,1] [A,,], =[3+ 4012 -4 ] [Bypl, =[4+4 ox,13 — 4 o]

(0] [Bupl, =[(3+40) (44 40), (12 -4 o) (13 — 4 o]

When o= 0.75 [Ayploms * [Buplors=[4290]

When oc= 1 [{H}JL* [Bip]=[5672]

Hence Ay, * By = (0,2,6,12,20,30,42,56,72,90,110,132,156,182,210,240)

5. CONCLUSION

In this paper, a new form of fuzzy number named as Hexa-decagonal Fuzzy Number is
introduced. The arithmetic operations are performed with arithmetic interval of alpha cuts and are
illustrated with numerical examples. Hexa-decagonal Fuzzy Number can  be applied to that
problem which has sixteen points in representation. In future, it may be applied in operations
research problems.
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