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ABSTRACT

Using fuzzy linear regression model, the least squares estimation for linear regression (LR) fuzzy number is
studied by Euclidean distance, Y-K distance and D) distance respectively. It is concluded that the three

different distances have the same coefficient of the least squares estimation. The data simulation shows the
correctness of this conclusion.
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1. INTRODUCTION

Linear regression analysis is one of the most widely used content in mathematical statistics. The
observational data is used to fit the real model in order to solve the relationship between variables
in system, explore the changing trendency and forecast of the variables. The most commonly used
method in linear regression analysis is least square method. Since Diamond et.al " proposed
fuzzy least squares method in the 1980s, fuzzy regression analysis has been greatly developed.
Savic and Pedrycz®® put forward fuzzy least squares method which combined fuzzy minimum
criteria with the traditional least squares method. Chang and Ayyub "' discussed the reliability
analysis of fuzzy least squares method with the standard of error, correlation coefficient and so
on. Fuzzy least squares method is similar to traditional least square method, which both define the
distance between two fuzzy numbers firstly and attribute to determine the regression coefficient
by making the sum of squared deviations minimum. Since the late 20th century, least square
method based on different distance of fuzzy numbers has been proposed, see [4-7]. Many paper
only discussed least square method of simple fuzzy linear regression model. But least square
method of multiple fuzzy linear regression model is less studied. And almost no paper involves
the relationship investigation with fuzzy least squares method based on different distances!'*"®.

This paper studies the least squares estimation and the error item of multiple fuzzy linear
regression model parameter with clear numbers for inputs, linear regression-type (LR-type) fuzzy

numbers for outputs and coefficients on Euclidean distance, Y-K distance, and D, distance. And
it also reveals the relationship of least squares estimations on different distances.
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The paper is organized as follows: part 2 and part 3 are preliminaries of definition of fuzzy
numbers, properties and distance of fuzzy numbers. Part 4 discusses the least squares estimation
and the error item estimation of fuzzy linear regression model on different distances, and gets
corresponding conclusions. By the way, a new method is proposed to obtain the parameter
estimation of fuzzy linear regression model. Part 5 gives example analysis, and the conclusions
are made at last.

2. BASic CONCEPT

Define 2.1 The fuzzy set A in real number field R can be called a fuzzy number, if it satisfies:

(1) there exists x, € R, such that A(x,)=1;
(2) for any e [0,1],Aa ={x|A(x) > a} = [Aa, Za]is a closed interval.
where A (x) is the membership function of A.

Let |~:(R) denote all fuzzy numbers in real number set R . There is a kind of common fuzzy

number among so many fuzzy numbers.

Define 2.2”' Suppose L and R are decreasing functions from R to [0,1], L(O) =R (O) =1, for

any real number m, it has

L[m—xj’ x<m,a>0,

o

A(x)= R(x;))m} x>m, >0,
0 s otherwise.

A is called LR-type fuzzy number, where m is called the center (or mean) of A. a, f are

called left and right width (or spread) respectively, written as A= (m, a, ) R

When a=f=0, LR-type fuzzy number is promised to be ordinary real number, i.e.

(m,0,0) =m.

If a=p, Az(m, a',Ot)LR is called symmetrical LR-type fuzzy number, denoted as

A= (m, a) R |~:LR (R) denotes the set of all LR-type fuzzy numbers.

Specially, when
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1—M, m—a<x<m,a >0,
(4
x—m
A(x)={1- m<x<m+ f3, >0,
0 , otherwise.

i.e.L(x)=R(x)=1-x, A is called triangular fuzzy number.
For LR-type fuzzy numbers, there are the following properties:

E = (bm’

Property”. Let A= (a

same L and R function ), then

m,al,ar)LR, b,,br)LRe FLR(R).( Suppose A and B have the

(1) _A:(_am’al’ar)ug;
(2) A+B=(a,+b,.a,+b.,a,+b,) .

(3) A—B=(a,-b,.a,+b,a,+b),
4) t;\:(tam, ta,lt ar)LR ,t€R
) ;\l?:(ambm, am|bl +|bm|al, a,|b, +|bm ar)LR.

3. THE DISTANCE BETWEEN LR-TYPE FUZZY NUMBERS

In order to discuss least squares problem of fuzzy linear regression model, the distance between
fuzzy numbers must be introduced at first. There are many types of distances between fuzzy

numbers, the most commonly used concepts are Euclidean distance, Y-K distance, and D,
distance.

Define 3.1 (Euclidean distance) Let A= (am’al’ar)ue B = (bm’bl’br)ue € Fip (R)

AB

> then

the distance between is defined as

Di(AB)=(a,—b,) wut+(a—b) w+(a—5) w (3.1)

where w,>0,w,>0,w, >0 are arbitrary weights.

Specially, if A= (a, o ) i B= (b, B ) L are symmetric fuzzy numbers. It has

D[:

AB)=(a=b) +(a-p) (3.2)

b ba
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From (3.1) it is easy to test that D; (;l,[? ) is nonnegative, symmetric and satisfied triangle
inequality. So (F < (R), D;) is a complete metric space.

Define 3.2" (Y-K distance) Let A = (a,.a,.a,) =(b,.b.b, )LR eF 1z (R),and the Y-K

LR’

distance between A, B is
D (4.B)=(ay~b,)" +((an—pa) (b, pb)) +((a,+aa ) (b, +ab))  (33)

where p = I L' (w)do, q= I R (w)dw.

Yang — Ko (1996) proved that (F IR (R ) - )1s a complete metric space.

Specially, if A= (a, a ) e B= (b, ) | are symmetric fuzzy numbers, then

p=¢.Dy l‘&‘él:?’ [a—é]:—zp:[sr—ﬁ]: (34)
When A and B both are triangle fuzzy numbers, namely, L (x) =R (x) =1-x, it has
I L ! 3 _ 1
p=q= .[()L (x)dx = J.O(l x )dx =7
When A and B both are exponential fuzzy numbers, namely,

L(x)=R(x)=exp(-x).

it has
1
p=q= IL x)dx = J‘( In x) ’"dle“(l+lj.
m

Define3.3""(D, distance) Let A=(a,.q,.a,),.B=(b,.b.b ), € F(R),and the D

m?

distance between A, B is defined as

D} =(a,~b,) +p,(a,-b) +a,(a,~b)
-2p(a,—b,)(a —b)+2q(a,—b,)(a —b,) (3.5)

where
n=3 I @ p, == [0 (@ dar =L [|R (@ = [ R (@) dee

Diamond et. al (1998) proved (F IR (R) , DK) is a complete metric space.
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Specially, if A= (a, o ) i B= (b, B ) g are both symmetric fuzzy numbers, then
D}(A.B)=(a-b) +(py+a,) (- B) +2(a,—p)(a-b)(a=B)  (36)

When A and B both are triangle fuzzy numbers, namely, L(x)=R(x)=1-x, it has

2

pop= = [1(1-x) de=.

11 11
plz%:EIOLl(x)dx:EIO(I_x)dx:

1
6
When 4 and B both are exponential fuzzy numbers, namely, L(x)=R(x)= eXp(—xz),it

has
Jr 1
pl :ql :T’p2 :qZ :5_
4. FuzzY LEAST SQUARES REGRESSION AND COMPARISON BASED ON
DIFFERENT DISTANCES

4.1 Fuzzy least squares regression

Consider the following fuzzy linear regression model

Vo= Ay+ dx,+ Ax, et Ay, I=L2--.n (4.1)
Where x; are clear numbers, ¥, (i=1,2,---,n)and A (m=1,2,---, p)are LR-type fuzzy
numbers. Without loss of generality, let Xij>0 af x,»j<0 ,it can be transformed to the situation

x,>0). And suppose 3,(i=1,2,--,n),A, (m=1,2,---, p)are both symmetric LR-type fuzzy
numbers for simplicity.

4.2 Fuzzy LEAST SQUARES REGRESSION BASED ON EUCLIDEAN DISTANCE

4.2.1 Least squares estimation

Apply traditional least squares method to estimate the regression coefficient Am (m =0,1,---, p)

of (4.1) .Suppose ¥, = (cl.,sl.) e A (am,rm) ,z have the same membership function, then

(4.1) can be expressed as
(c;,s.)=(ayr)+(a,.n)x, +---+(ap,rp)xl.p

According to Euclidean distance (3. 1) , square sum of error can be wrritten as
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2 2

2_

D= E [(ci—(a0+alx“+---+apxip)) +(sl.—(r0+rlxi1+---+rpxl.p)) }
i=1

T T T T
Denote a:(ao,al,---,ap) ,l’=(r0,r1,"',l’p) se=(c.000000,) o5 =(8,8,,5,) ,
% \
|
'l oxp... X, |
X = 1 (42)
- 1
I‘hl X, X, )

Then DE:(Xa—C)T (Xa—c)+(Xr—s)T (Xr—s),and

2
oDy =2X"Xa-2X"c=0
da
2 b
Dr _oxTxr-2x75=0
or

It has

a=(x"x)" X7c
et p (43)
F=(X"X) X's

4.2.2 The error item of estimation

The simplest method to evaluate performance of fuzzy regression model is to use residual or
residual sum of square (4.4) as measuring index.

A A2 =
Denote ¢, = j,—y, or ¢’ = ‘ ¥y, - yl_‘ and SST = Z e’ , then on the Euclidean distance
i=1

SST, =3 D2(5,.5,) = (Xa-c)' (Xa=c)+(Xp-s) (Xr—s)
i=1

Substitution (4.3) to the above formula, it gives
SSTy=c" (I-P;)c+5 (I-F)s. (4.4)

where [ is aunit matrix of n -order and P, = X (XTX )71 X". ¢" (I-Py)c is often called as

central residual sum of square while s" (I - P, )s is often called as siding residual sum of

square. Because residual is the difference between i ( ) and its estimation ;1 ,
m

m

m=0,1,---,p
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1.e., the difference between 5 d

~ ~ ~ ~ an

= A HAX, A, +"'+Apxip

2 Residual reflects the goodness of fit, the less |e | is, the
i

Y, = A+ Ax, +Ax, ++ Apxip

better fitting of the ; th point. While residual sum of square .  reflects the overall

SST=>¢}
i=1

condition of fitting, the less pRg is ,the better fitting of the overall condition.

4.3 Fuzzy least squares regression based on Y-K distance

4.3.1 Least squares estimation

Suppose ¥, =(c,.s,), ., A, =(a,,r,) . have the same membership function, according to the

LR’ " ™m >"m

formula of D, (3.4), residual sum of square can be expressed as

2

D§k= 3i[cl. —(ao +ax, +--+a,x, )T +2pzzn:[sl. —(r0 RALIETI SRLE o A o )]
i=1

i=1

=3(Xa—-c) (Xa—c)+2p*(Xr—s) (Xr—s),
where X,a,c,r,s are the same as (4.2) . From

oD},
a

2
—agy" =4p’X " Xr—4p*X"s=0.
-

=6X"Xa-6X"c=0,

It has
. . w=1
a=({X"X) X'¢
N . =1 -
Fe(XTX) X's
4.3.2 The error item of estimation

In accordance with the method used in 4.2.2, residual sum of square of model (4.1) on Y-K
distance can be got

SSTp=3¢" (I-Py)c+2p's" (I-P;)s. (4.6)
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4.4 Fuzzy least squares regression based on D, distance

4.4.1 Least squares estimation

Suppose ¥, =(c;, s, ) R ,An = (am .1, ) . have the same membership function, according to the

formula of D (3.6), residual sum of square can be expressed as
2 n

D :Z[Ci ~(a,+ax, +---+apxl.p)] +(p2+q2)2[si —(r +rx, +---+rpxip)]
=1

i=1

2

n

+2(q, —pl)Z[Ci—(ao +a,x, +---+apxl.p)][sl.—(r0+r1x“ +---+rpxip)]

=(Xa—c)T(Xa—c)+(p2+q2)(Xr—s)T(Xr—s)
+2(q,-p)(Xa—c) (Xr-s),

where X,a,c,r,s are the same as (4.2). From

2
%zZXTXa—ZXTc+2(q1—pl)XT(Xr—s)=0,
a
2
aé)K = (p+q,)(2X " Xr=2X"5)+2(g,~ p,) X" (Xa—c) =0.
r

It has
M. . =1
a=({X"X) X'¢c
n . . =1 -
F=(XTX) X's
4.4.2 The error item of estimation

Similarly, we can get residual sum of square of model (4.1) on Dy distance

SST;, =" (I-Py)e+(py+a,)s" (I-Py)s+2(q—p )" (I-Py)s. (4.8)

From (4.3), (4.5) and (4.7) we can see that for fuzzy linear regression model (4.1) whether we use

Euclidean distance, Y-K distance or D, distance, least squares estimations of regression

coefficient Am are the same in the case when response variable y, is symmetrical LR-type fuzzy

number. Anymore, when y, reduces to clear number (in this case, model (4.1) is traditional linear

regression model), namely, s, =0, it has
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A _1 A
a=(X"X) X'c¢, F#=0.
It is in accordance with least squares estimation of traditional linear regression model.

At the same time, from (4.4), (4.6) and (4.8) we can see residual sum of square on Euclidean
distance is always less than that on Y-K distance for model (4.1), which illustrates that the fitting
effect of parameter estimation on Euclidean distance is better. Residual sum of square on

Euclidean distance is always equal to that on D, distance for model (4.1) when fuzzy number is
1
triangle fuzzy number or exponential fuzzy number (in this case, p, =¢q,,p, =q, = 5), which

illustrates that the fitting effect of parameter estimation on Euclidean distance and D, distance is
the same. Anymore, residual sum of square on Euclidean distance and Y-K distance consists of
two parts, one is central residual sum of square and the other is siding residual sum of square.
While there is cross term of center and siding for residual sum of square on D, distance except

for the above two parts. Therefore in solving the least squares estimator that priority should be
given to the Euclidean distance.

4.5 Further discussion of least squares regression estimations on three distances

After comparing the conclusion of (4.3) or (4.5) or (4.7) with the least squares estimation of
traditional linear regression model, a new method to get least squares estimation of fuzzy linear
regression (4.1) is obtained, i.e., converting solving least squares estimation of fuzzy linear
regression (4.1) into solving traditional least squares estimation two times.

Considering central observation data set {( Vis Xy Xigs e X, )|l =12,---, n} and siding data

set {(sl., Xips Xigs™* 5 Xy )|l =1,2,---, n} , we can apply traditional linear regression model

1
y=pB,+ Bx +---+ f,x, to get parameter estimations of the following models:

Y, =aytax, +-+a,x, i=1,2,---,n,

1

S =T+ hX, + X i=12,---,n

r ),m=1,2,---,p. for

m?'m

And with the estimator a,,7 ,m=1,2,---, p, the estimator A, = (a

Am is obtained.

5. EXAMPLE ANALYSIS

The following Tanakam] data (1987) (see Table 1) is used to illustrate the above conclusions.
The data set which has ten pairs of data, concludes three clear explanatory variables and one
fuzzy response variable. Consider only exponential fuzzy number. Now use least squares method
to estimate parameters of fuzzy linear regression model on Euclidean distance, Y-K distance and

9
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D, distance. The corresponding error terms are also calculated. The estimation results are shown

in Table 2-4.
Explanatorv
variable F.esponse variable
MNO.
= 3 X3 Vi Z(Chrijzﬁ
1 3 3 9 (96.42)
2 14 8 3 (120.47)
3 7 1 4 (52.33)
4 11 7 3 (106.45)
3 7 12 15 (189,79
6 8 15 10 (194 _65)
7 3 9 (107.42)
8 12 15 11 (216, 78)
9 10 5 2 (10852
10 9 7 4 (103.44)

Table 1 Tanaka (1987) data

Table 2 Fuzzy least squares estimations and errors on Euclidean distance

NO. (c;.5;) (€..5;) e’

1 (96, 42) {9320, 44.62) 14 69
2 (120, 47) (12248, 49.13) 1067
3 (52, 33) (4936, 32.11) 775
1 (106, 45) (104.82, 43.01) 5.35
5 (189, 79) {191.79, 76.71) 13.06
f {194, 65) {193.64, 67.67) 725
7 (107, 42) {10977, 40.85) Q08
8 (216, 78) {211.65, 77.08) 19.73
9 {108, 52 {110.89, 53.24) g9l
10 (103, 44) {103.36, 42.58) 2.14

a=(-1.39,3.25,7.92,5.03)" , 7 =(8.01,1.64,1.20,2.85)" , SST, = 99.63.

10
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Table 3 Fuzzy least squares estimations and errors on Y-K distance

NO. (ci.5;) €..5, ) e;

1 (96, 42) (93.20, 44.62) 34.24
2 (120, 47) (12248, 49.13) 2553
3 {52, 33) {4936, 32.11) 22 10
4 (106, 45) (104.82, 43.01) 10.38
5 {189, 79) {191.79, 76.71) 31.66
6 (194, 65) (193.64, 67.67) 11.57
7 {107, 42) {109.77, 40.85) 2535
g (216, 78) {211.65, 77.08) 57.99
9 {108, 32) (110.89, 53.24) 27.53
10 {103, 44) {10336, 42.58) 3.55

a=(-1.39,3.25,7.92,5.03)" ,7 =(8.01,1.64,1.20,2.85)" , SST,, =249.91.

Table 4 Fuzzy least squares estimations and errors on D, distance

NO. (c:.5) (.5 e’
1 (96, 42} (9320, 44.62) 14.69
2 (120, 47) (122.48, 49.13) 10.67
3 (52, 33) (4936, 32.11) 7.75
4 (106, 45) (104.82, 43.01) 5.35
5 (189, 79) (191.79, 76.71) 13.06
6 (194, 65) (193.64, 67.67) 725
7 {107, 42) {10977, 40.835) 9.08
8 (216, 78) (211.65, 77.08) 19.73
9 (108, 52) (110.89, 53.24) 9.91
10 (103, 44) (103.36, 42.58) 2.14

a=(-1.39,3.25,7.92,5.03) .7 =(8.01,1.64,1.20,2.85)" , SST, =99.63.

Table 2, 3 and 4 show that least squares estimations of fuzzy linear regression model (4.1) on
Euclidean distance, Y-K distance and D, distance are the same. They also illustrate that the Y-K

distance estimation error term is greater than the Euclidean distance estimation error term and the
Euclidean distance estimation error term is equal to D, distance estimation error because of the

exponential fuzzy number.

11
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6. CONCLUSION

The paper studies the least squares estimation and the error terms of fuzzy linear regression
model with clear numbers for inputs, LR-type fuzzy numbers for outputs and regression

coefficients on Euclidean distance, Y-K distance, and D, distance. The results show that the least

squares estimations are the same on the above three distances and the priority should be given to
the Euclidean distance in solving least squares estimator. When the outputs and regression
coefficients are clear numbers, the estimation will be traditional least squares estimation. At the
same time, a new method to get least squares estimation for fuzzy linear regression model is
proposed. At last, the experimental results show the correctness of the conclusion.
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